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Pestome. [laHHas ctatesi 00006LLaeT pyHOaMeHTa IbHbIe UCCeA0BaHus, MOCBSILLEHHbIE K1accy Be-
POSITHOCTHBIX PACpeaesieHnii, N3BECTHbIX KaK pacripenesieHnsl ¢ rno4Ytu OoTcyTCTBUEeM NnamMsiTu
(ALM). B 10 Bpemsi kak K/1acCU4EeCKOe SKCIOHEeHUMaIbHoe pacripenesieHne O4HO3Ha4YHO Xapakte-
PU3yeTcsi CBOVICTBOM OTCYTCTBUSI NamsiTy B JIIOOOM BO3pacTe, pacrpeneneHvs ALM nposisasiioT ato
CBOVICTBO BbIOOPO4YHO, B BO3pacTax, 0b6pa3yroLumx ANCKPeTHyro rocaenosaressHocTs {0, ¢, 2c, ...}
U151 [OJI0XKUTESIbHOM KOHCTaHTbl C. 910 0000LIEHNE MPenoCTaBsSeT MOLUHBIA 1 YHUBEPCasbHbIM
annapar 4151 MOAEINPOBAHNS BPEMEHN XU3HW, BDEMEHN OO OTKasa v BPEMEHU OXUAAHWS B ne-
proanYecKnx, HecTaLunoHapHbIX ycs0BusiX. Mbi rnpeactapsisieM BCECTOPOHHIOK XapakKTepuCTUKy
pacnpeneneHnii ALM yepe3 HECKO/IbKO 9KBUBAJIEHTHbIX CBOVCTB. CreLM@OUYECKyo aHa/IMTUHECKYIO
dopmy PyHKUMM pacripeneseHvsl, nepuoanyecKyto MHTEHCMBHOCTL OTKA30B U BEPOSITHOCTHOE Mpes-
cTaB/ieHne, B KOTOPOM CJly4aliHasi BeSMYmMHa pasiaraetcsi B CyMMy yce4eHHov Ha [0, C) KOMIMOHEHTbI
Y rEOMETPUYECKM PACrPenesieHHON KOMIMOHEHTbI, MacLLUTabupoBaHHOM Ha C. 310 passioxeHue nve-
€T K/II0YEBOE 3HAYEHNE KaK [J11 TEOPETUYECKOrO aHaim3a, Tak v U1 NPaKTUHeCKUX MPUIOXEHW.
CTporo ycraHaB/IMBaETCs1 BHYTPEHHSISI CBSI3b MeXZy pacripeneneHusivmm ALM v nepuogmnyecknmmn
HeoaHOPOAHbIMU MYyaCCOHOBCKUMMU npoyeccammn. KpoMme Toro, B CTarbe pacCMaTpuBaloTCs BaX-
Hble CTaTUCTUYECKME acreKTbl, BK/IH0Yasi OLIEHKY apameTpoB MeToAamMm MakCUMasibHOro rnpasaorno-
1061s1 1 MOMEHTOB, a TakXe MPOBEePKy rmrnoTes 4J1s pas/myeHvs moaenei. lpuMeHmMocTs Teopumn
ALM gemoHCTpupyeTcsi B passinyHbix 006/1acTsiX, BK/IHOHAs HAAEXHOCTb TEXHUHECKUX CUCTEM, pabo-
TAIOLLMIX B YCIIOBUSIX LIMKITMHECKUX HArPY30K, CTPaxoBaHWe /151 MOAEIMPOBaHWS YObITKOB C CE30HHOM
CTPYKTYPOV 1 Haykn 00 OKPYXKatoLLer cpeae [Uis N3yHeHunsl sIBJIEHNI, YrpaBisieMblX rnepuoanyeckm-
My cunammn. 3ariosiHssi Pobes1 MexXy TeOPEeTUHECKOV BEPOSITHOCTBIO M HEOOXOAMMOCTBIO MOAE/IN-
pOBaHVs peasibHOV NEPOANYHOCTH, pacrpeneneHus ALM npeagnaratoT HaAEXHbIN U Marematmye-
CKW 3JIEraHTHbIN MHCTPYMEHT /18 aHa/m3a B HECTALMOHAPHBIX YCI0BUSIX.

Abstract. This article generalizes fundamental research devoted to a class of probability
distributions known as Almost Lack of Memory (ALM) distributions. While the classical
exponential distribution is uniquely characterized by the lack of memory property at any
age, ALM distributions exhibit this property selectively, at ages forming a discrete sequence
{0, ¢, 2¢c, ...} for a positive constant c. This generalization provides a powerful and versatile
tool for modeling lifetimes, times to failure, and waiting times under periodic, non-stationary
conditions. We present a comprehensive characterization of ALM distributions through several
equivalent properties: a specific analytical form of the distribution function, a periodic failure
rate, and a probabilistic representation in which a random variable decomposes into the sum
of a component truncated on [0, c) and a geometrically distributed component scaled by c.
This decomposition is of key importance for both theoretical analysis and practical applications.
The intrinsic connection between ALM distributions and periodic non-homogeneous Poisson
processes is rigorously established. Furthermore, the article discusses important statistical
aspects, including parameter estimation by maximum likelihood and method of moments,
as well as hypothesis testing for model discrimination. The applicability of ALM theory is
demonstrated in various fields, including the reliability of technical systems operating under
cyclic loads, insurance for modeling losses with a seasonal structure, and environmental
sciences for studying phenomena driven by periodic forces. Bridging the gap between
theoretical probability and the need for modeling real-world periodicity, ALM distributions offer
a robust and mathematically elegant tool for analysis under non-stationary conditions.
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BBepeHue

JlaBHO 3ameuarenbHbIi (hpaHIy3ckuii Mmaremarik Orio-
cren-Jlyu Komu (1789 — 1857) noxazan B 1821 roay, uro
eciau (QyHKUHMOHaNbHOE ypaBHeHHe f{x+y)=f(x)-f(y) BBI-
TIOJTHSIETCS JUIsl JIIOOBIX HEOTPUIIATEIBHBIX apI'yMEHTOB X U
¥, To pyHKIMs f{x) SBNSETCS KCHOHEHIMAIBHON f{x)=¢,
IJie ¢ — BEIIECTBCHHAs KOHCTaHTa. B IpuIoKeHHsIX Ha-
JISKHOCTH BEPOSTHOCTHOE CBOWCTBO HEKOTOPBIX CIy4aii-
HBIX BPEMEH JKU3HU X TEXHHUUYECKHX CIUHUI] BBIJISAUT
Kkak P{X>x+y}=P{X>x}-P{X>y}. U3 teopemsl Komn n
BEPOSITHOCTHBIX WHTEPHpETalHi CIeayeT, uTo (QyHKIus
pacrpeneieHusl BpEMEHHU JKU3HU MMeeT 6ud P{X>x}=e ™.
U cnenyer, 4To eciy 3TOT 2IEMEHT Bee ellle paboraet (KHUB
B BO3pacTe y), TO LIAHCHI OCTAaThCsl pabOTOCIOCOOHBIM
JIOTIOJTHUTENNBEHOE BPEMSI X TaKue ke, Kak KOTa OH TOJIBKO
Havall (yHKIMOHUPOBATH:

PX2x+y| X2yt =P{X2x}.

OObIuHOE OOBSICHEHHE 3TOTO CBOWCTBA M3BECTHO Kak
cBotictBo OtcyrcrBus [Tamsaru (LM) B moGoMm Bo3pacte y.
OTO0 03HadaeT, 4To B JIFOOOM BO3pACTE ) IEMEHTHI C IKC-
TIOHEHIUAIBHO PacIpeieICHHBIM BPEMEHEM KHU3HH TEPSIOT
TIaMATh O CBOEM TEKYIIIEM BO3pACTE U BEAYT ce0sl KAK HOBBIE.
3T0 XapaKTepUCTHUECKOE CBOMCTBO, KOTOPOE IIOMOTAET Ha
MIPAaKTHKE PAcIlO3HATh 3KCIIOHEHINAIBHO PacIpeelIeHHOe
BpEMsI KHU3HU TEXHUIECKHUX U3enuil. OOBIYHO 3TO BEPHO
JUISL U3IETIMH, CO3TJAHHBIX M3 OOJIBIIOTO YHCIIa BHICOKOHA-
€XHBIX KOMIIOHEHTOB.

B cepun paboT ¢ MHOTOYHCIEHHBIMH KOJIIETaMHU
(cM., mokaryiicTa, CHUCOK JIUTEPATYPBI) MBI COCPEIOTO-
YIIM BHUMAaHUE Ha aHAJOTHYHBIX CBOICTBaX, KOTOpHIE
MOTYT OBITH HCIIOJB30BaHBl Ha MPAKTHKE IUISI PACIIO3-
HaBaHUS paclpeAcieHNs] BpEMEHH JKU3HH TEXHHUUECKHUX
m3penuid. VI Mpl OOHApYXHUIIH, YTO €CIU BPEeMs KUZHH
MIPOSBISAET OTCYTCTBHE MaMATH B JaHHOM BO3pacTe C,
TO OHO OyZmeT TepsATh MaMATh B JIOOOM BoO3pacTe mc,
KpaTHOM KOHCTaHTe c. [IpuMeHsst 3T0 66 CKOHEYHO MHOTO
pa3z m=2,3,4,..., MBI Ha3BaJH 3TH pacnpenenenuss ALM-
pacmpeneseHusIMUA. [ MBI Hallin MaTeMaTHYECKYIO
(bopMy 3TOTO Kilacca BEPOSITHOCTHBIX paclpeiesieHuH,
YCTaHOBHMJIM MHOTOUYNCIICHHBIE MaTeMaTHYECKHUE TpeEa-
CTaBJICHHUS, (PU3MUECKHE CBOWCTBA U HAIIIU Pa3IUYHbIC
MIPAKTHYECKHUE MPHIIOKCHHUS.

31ech MBI IPECTABISAEM HEKOTOPBIE PE3YNbTaThl pa3-
JINYHBIX AaHATNTHYECKUX, GU3UUECKUX U MATEMATHIECKUX
onucannii ALM-pacupeneneHuii u o0nacTsIx UX MpH-
MEHEHHS.

1. HecTaumoHapHOCTb U NEPUOANYHOCTD.
MaTtemaTtunuyeckoe npeacraBieHume

[y6nukarw [1], [2] u [8] WUTIOCTPUPYIOT HAIIHM HUCCIIC-
JIOBaHWUSL, TI€ Mbl aHAJTM3UPOBAJIN XapaKTEPUCTHKH ITPOLIEC-
COB, KOTOpBIE HE MEHSIIOT CBOE TIOBEACHHE (BEPOSITHOCTHOE
pacnpezieneHue), Koraa Bpems )KU3HH OCHOBHOTO pabouero
MHCTPYMEHTa KOHEYHO 13-3a 0TKa30B. M1 MBI HCTIONBb30BaIN
3TO CBOMCTBO, MBI MOJYYHIIM HEKOTOPbIE ()yHKIIHOHAIIBHbIE
YpaBHEHUSI, O3KE TOKA3aHHBIE KaK XapaKTePH3YyOLINE IKC-
MOHEHIMAJILHOE WIT TeOMeTpHUecKoe pacnpenenenue. B [3]
Hallla MOMBITKA 0XapaKTepH30BaTh TEOMETPHUYECKOE pacipe-
JIeJIeHHE, KOT/1a 3TO BPEMSsI )KU3HU SIBJISIETCS (PUKCUPOBAaHHON
KOHCTaHTOM, ITpUBEa K TOMY, 4To A-p UyKoBa npegocraBuia
HaM KOHTPIIPUMEP, I7Ie THBapHaHTHOE CBOWCTBO BHIMOIHSET-
csl, a BpeMsl JKH3HH He SIBIISIETCS TEOMETPHYECKUM. DTO OBUI
nepBslit mpuMep ALM-pacnpenenenus. 3areM Mbl Hadaiau
aHaJIM3UPOBaTh HENPEPHIBHBIC PACIIPENENICHUS C APYTUMHU
3aMHTEPECOBAHHBIMU KOJUIEraMHU M HAIIUTH PE3yJIbTaThl, KO-
TOpBIE S KPAaTKO MPEJICTABIISIO B 9TOH cBOeil padore.

1.1. NMNepnoan4HOCTDL.
MaTtemaTuyeckoe onucaHue

[Mepuoan4HOCTH OOBIYHO HAOIIOMACTCS B YCIOBHSIX
OKpY’KaIoMIeH CpPe/Ibl, COMPOBOXKIAIONINX PEATBHBIC KH3-
HEHHEBIC SBJICHHSI. DTO M MOTHBHPYET HAIIIM HCCIICOBAHMS.
[TpuMepoB MHOTO: IEPHOTUICCKOE YePEAOBAHUE XOIOTHBIX
Y TETUTBIX STI0X Ha 3eMJIe; IEPUOANIECKOE YePEIOBAHUE COTI-
HEYHOW aKTHBHOCTH; IEPHOIIYCCKHE TPHIUBEI (D1b-HUHBO
u Jla-Hunbst); mepuonuveckune BEIOOPHI B TOCYIapCTBaX H
KPYITHBIX OPTaHU3alUAXK; MEPUOANYCCKOE MPEIIICAHHOEC
TEXHUYECKOE OOCITYKUBAHHE B CUCTeME (TEXHUYCCKOMH
WIH COITMANBHOM), Ce30HHAS MEPHOIUIHOCTh U T.A. MBI
Ha3bIBA€M BpPEMCHA OKOHYAHUS KaXJIOTO YePEIOBAHUS
TOYKaMU pereHepanuu u gaem B [9], [12], [13] ciaenyromiee
MaTEeMaTH9IeCKOE OIMMMCAHUE ITHX ITPOILIECCOB.

BpeMeHHBIM TIpoIIeccoM MBI Ha3bIBAEM JIOOYIO KOJIH-
YECTBEHHO M3MEPIEMYIO0 TIEPEMCHHYIO, KOTOpas MOXET
OBITH U3MEpPEHA B JIF0O0H MOMEHT BpeMeHU. MBI Ha3bpIBacM
MOYEUHbIM NPOYECCOM YIIOPSIOYCHHYIO MOCICIOBATEIb-
HocTh MOMeHTOB {7, : T, <T ;n=12,...} HacTyniIeHus
coOwrTHii. [Ipomecc

N(t)=maxn:T, <t, (1)

+12

MIO/ICUNTHIBAIOIINI YHCIIO COOBITHH, IPOU30IIEANINX B NH-
tepBadie [0;¢), Ha3pIBAETCS CuemyUKoM TOYEIHOTO IpoIiecca.
Cpennee uncno A(¢) = EN (r) coGbrtuii B nutepsaie [0;r)
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Ha3bIBACTCS (hyHKYUEl UHMEHCUGHOCTU TOYSTHOTO ITPOLIEC-
ca. Ee npomseoznas A (¢) = A'(t) (npeanonaraercs, 4o oHa
CYIIECTBYET) Ha3bIBACTCS NJIOMHOCMbIO UHMEHCUBHOCU
WIN TIPOCTO UHMEHCUBHOCMbIO TIponiecca. JTy (YHKIHIO
MBI HHTEPIIPETUPYEM KaK ceHCOp (HEpB) IpoIiecca, pearu-
pYIOLMI Ha OKPY>KaroIINe YCIOBUS B MOMEHT BPEMEHH £.

Ecnu unmepsanvr mescoy momenmamu nacmynieHus
cobvimutl

X, =T -T_,, n=12,..., T,=0
00pa3yIoT MOCIeJ0BaTeIbHOCTh OJJMHAKOBO PacIpe/eieH-
HBbIX HE3aBHCHUMBbIX cnyqaﬁmﬂx BCJIMYMH, IPOLICCC HA3bI-
BACTCSl PEKYPPEHMHbIM WA NPOYECCOM BOCCMAHOBIEHUSL.
Taxoii mporiecc u ero cyeTHas iepeMeHHas NV(f) OTHO3HAYHO
MOPOXKAAIOTCSI COOTBETCTBYIONLIECH MOCIIEI0BATEIHHOCTIO
{X,} onuHaKoBO pacnpeseIeHHbIX HE3aBUCUMBIX CITydaii-
HbIX BECJIMYHNH COOTHOLICHUEM
n
T,=YNK, T,=0.

i=1

BonpmMHCTBO pe3ynbTaTOB B TEOPUHU MacCOBOTO 00-
CITy’)KUBaHMS M CTOXaCTMYECKUX CeTel OBIIHM MOJIY4YCHHI B
paMKax 3TOro MPEATIONIOKESHUS M OTHOCSATCS K CTaIllMOHap-
HOMY peXHMY paboTHI CHCTEM, T.€. XapaKTepu3yloT Mpo-
W3BOJIMTENLHOCTD CHCTEMBI «HA OECKOHEUHOCTHY, T.€. IIPH
t—>00, Y0081emeopsI0m COOTHOIICHUIO

A1)
MR
n

Me1 npeanonaraem A (t) =EN (t) KOHEYHOM IS JII0O0T0
BpemeHH 0. Y NOCKOIbKY yCIOBHS OKpPYKaIOIIEH Cpeabl
TICPHUOINYECKH YepeayIoTcs, pearupyromas GpyHKIUs nH-
TEHCUBHOCTH A(f) siBIIseTCs nepuoandeckoil. CymiecTByer
koHcTaHTa ¢>0, paBHas cpenHel ;e E(X) unrepsanos
YepeoBaHUs YCIOBUH, TOra JOIKHO BBINIOIHATHCA

A(t+c)=r(r) mmaseex ¢20.

Mgl UCHONb3yeM CBSI3b MEXAY (QYHKIUSIMU WHTCH-
CUBHOCTH OTKa30B U pACIpE]EeICHUEM BEpOSTHOCTEH
CIy4allHOM BEJIMYMHBI, NPEACTABISAIOIEH BpEMS JKU3HU
WHAVMBUIOB, TOMEIIEHHBIX B HEKOTOPBIE MEPHOANIECKIE
YCIIOBHS OKpY Karomei cpezpl. Tak Mbl IPUIIIH K KOHIIETI-
uuu ALM-pacnpenenennii. Mbl n3ydann ux Qusmdeckue
HMHTEPIpETANU U 00CYXKIanH UX aHATUTHIECKUE U BEPO-
ATHOCTHBIE cBOMCTBA. KaXkast nenourcieHHast 3aBucsmas
OT BPEMEHH CIIy4aiHas BeNW4uHa N, HHTEPIPETUPYETCA
KaK HecTaruoHapHHBIN npouecc [lyaccona ¢ gyHkmmeit
WHTEeHCUBHOCTH A(f). Jlanee pe3ynbTaTsl CyMMHPYIOT TO,
YTO CIIEAYET U3 TEOPHH BEPOSTHOCTEH M MHTEPIPETAlNU
MaTeMaTHYECKUX COOTHOWICHUH M MX CMBICIA. DTH CO-
OTHOIIECHMS UCIOJIB3YIOTCA B XapaKTepU3aIUH MepHo-
JMYECKOTO ITyaCCOHOBCKOTO TIpoIecca ¢ IEPEMEHHON BO
BPEMEHU HHTEHCHBHOCTBIO B TEPMHHAX €T0 TIOPOXK JAroIeh
CIIy9aifHOH BEIWYHHEI X, KOTOpas, MEXIy IPOdnM, 00-
JIaJJaeT CBOMCTBOM YaCTUYHOTO OTCYTCTBHS HaMsATH. B
[41] ycTaHOBNIEHBI CTATUCTHYECKUE OIICHKHU ITapamMeTpOB
1 coco0sI mpoBepku rumnote3 11 ALM-pacnpeneneHmit
Ha OCHOBE HAaOTIOAEHHH 332 COOTBETCTBYIOIIMM MTPOLIECCOM.
MBI onuIeM 3TO MO3Ke B 3TOH CTAThE.
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1.2. CBa3aHHblIe MaTemMmaTuyeckue
BbiPpa)XeHUS N BEePOSTHOCTHbINA CMbIC

Kitace ALM-pacnpeneneHuil XapakTepusyeTcs cieny-
FOIIIUM CBOMCTBOM.

HeotpunarenbHast HeHyneBas ciiy4ailHas BeIu4MHa X
Ha3bIBACTCS JUIIEHHOHN MaMATH B Touke ¢>0, eciun

P{X2c+x|X 2c}=P{X >x} muaBcex x=0. (2)

WHTepnperanus 3TOro ypaBHeHuUs Ui yCIOBHOM BEPO-
STHOCTU TAaKOBa: €CJIM MHIWUBUI UMEET CIydailHOe BpeMs
KH3HHU X ¥ )KHB B BO3PACTe ¢, TO IIAHCHI, YTO OH MPOKUBET
JIOTIONTHUTEIHHOE BPEMS JUTHHBI X, TAKHE XK€, KaK HCXOJHBIC
IIAHCHI IPOXHTH TY JK€ TUTENFHOCTB X XKU3HH. 113-3a 3TOTO
910 HazbiBaeTcs Ceoticmeom Omcymemeus [lamsamu 8 603-
pacme c. VI MBI MaTeMaTH9IeCKU JOKA3aJIH, YTO €CIIN CITyJaii-
Has BennuuHa X 00Ja1aeT CBOMCTBOM OTCYTCTBHS MAMSITH
B Bo3pacte ¢>0, To oHa 001agaeT OTCYTCTBHEM HaMsITH BO
BCEX TOYKaX BPEMEHH U3 IIOCIIEA0BATENbHOCTHU {C,, = mc},_.
ITockonmpKy 3THX BpeMEH OECKOHEYHO MHOTO, MBI Ha3BaJIH
Takue pacnpeneneHus ALM-pacnpenenenusmu. U Mol
HAIIUIH, 9TO CIEAYIOIINE YTBEPKACHUS SKBUBAJICHTHBI:

Oynkuus pacupenenenus ALM-c.B. X numeer Bug

Fy(x)=1-d"" (1-(1=a) F, (x~[x/c]c)).  (3)

e a=P{X>c}, a F\(-) — yHKUunA pacrpeneneHus ciaydai-
HOM BeTMYHMHBI Y, COCPENOTOUCHHOUW Ha nHTepBaie [0,c).

(i1) IImoTHOCTE pactpeneneHus f,(x), x>0, HenpepbIBHOI
CIIy4yailHOH BEIUYMHBI X UMEET BUJL

Sy (x) = (l—a) aLX/"JfY (x—Lx/ch), 4)

rae a=P{X>c}, a f,(-) — IIOTHOCTH pacupelelNeHus He-
MPEepPBIBHON ciy4aifHo# BennumuHBI Y ¢ HocuteneM [0,c).
Pacnipenenenue f,(x) AUCKpETHOH clydaiiHON BEITMYHMHBI
X onpenensercs Toit sxe GpopMyioi, rae f,(-) — pacupene-
JIEHUE NHUCKPETHOM ClyyallHOM BEJIMUMHBI C HOCHUTEIIEM
{0,1,...,c—1}.
(iii) IHTEeHCHBHOCTH BO3HUKHOBEHHMSI COOBITHI
\, (x) _ (l—a)fy (x—Lx/ch)
1-(1-a)F, (x—Lx/ch)
ISl cllydailHOM BeNU4YuHBI X SIBISIETCS] MEePUOINYECKON

(hyHKIHMEH ¢ IEpHOJIOM C.
(iv) CiyuaiiHast BenmunHa X MOXKET OBITh BEIpa)KEHA Kak

X=Y.+cZ, (5)

rae Y, u Z — He3aBUCHMBIE CilydaiiHble BeqnunHbl. C.B.
Y umeer HocuTens BHyTpH uHTepBana [0,c), a c.B. Z
MMEEeT FeOMETPHUECKOE paclpeesieHne ¢ MapaMeTpoM d,
P(Z=k)=(1-a)d", k=0,1,....

3amMeTnM, 4To CBOMCTBO (iV) COMEPKUT SKBUBAJICHTHOE
npeacTasienue ajs kiaacca ALM-pacnipenenenuit, KoTopoe
TIOJIE3HO NPY MOJICTTMPOBAHUY STHX pacHpeesIeHUH.

Haxoner, cBsi3b MEXy MEPHOTMYECKUM ITyaCCOHOBCKHM
MPOLIECCOM C IIEPEMEHHOI BO BpEeMEHN HHTEHCUBHOCTBIO 1
kinaccom ALM-pacnpesiesieHuit MOKET OBITh OOBSICHEHA Clie-
JytormM obpasom: CriyuaiiHast BeTmIrHa X, TIOPOXKTAFOIIAs
notok [lyaccoHa ¢ nmepeMeHHOH MHTEHCUBHOCTBIO, UMEET
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pacrpeaeneHie ¢ oTCyTcTBUeM mamsatu. O0parHo, Jrobast
cinyd4aifHas BenmuuHa, uMeomas ALM-pacnpenenenue,
HOPOXK/IAET NEPHOTUUECKHI TyaCCOHOBCKHII MOTOK C HIepe-
MEHHOW MHTEHCHBHOCTBIO MPOLEAYPOH 3aIIUCH.

[Iponecc, nmopoxaaromuil caydyailHyo BeIU4uHy X,
UMeeT pacmpeneneHue, kotopoe st me<t<(m+1)c Moxer
OBITh BBIP2XKEHO KaK

 er-on {0
- 1—[exp {—J.;)» (u)duHm exp {— ;"”Ck (M)du} =

=1-a" (I—F(t—mc)),
YTO IPH a = exp {—J.;X(u)du} cosmazaer ¢ (3).

C npyroii CTOPOHBI, HHTEHCUBHOCTH BOSHUKHOBEHHS CO-
ObITHs CiTydaiiHoi BenuuuHbl X ¢ ALM-pacnpeneneHueM
SIBJISICTCS IEPUOANYECKON (DYHKIIMEH, U, KaK CIEICTBUE CO-
oTHomIeHHUs (3), COOTBETCTBYIOIINN TyaCCOHOBCKHUH IOTOK
C IIEpEMEHHON MHTEHCUBHOCTBIO ABJIAETCS IEPUOIAUIECKUM.
OTH CBOWCTBA OKA3aJIMCh OY€Hb YOOHBIMU B IPHIIOKEHUSAX,
Kak nokasano B [12], [13], [16], [20], [26] u npyrux.

1.3. CtatucTtuka

Temneppb MBI ONUIIEM HEKOTOPBIE CTATUCTUYECKHE CBOM-
ctBa ALM-pacnpeneneHui.

1.3.1. Ounenka napamMeTpoB

ITapamerpst ALM-pacnipeneneHns MOTYT OBITh OLEHEHBI
1100 METO/IOM MaKCHMAaJTbHOTO TIPaB/IOIION00NS, TMOO0 METO-
JIOM MOMEHTOB; 00a JTAf0T OIMHAKOBBIE pe3ynbTaThl [9]-[12].
Hawm He ynanocs olieHUTh apameTp c. B npunoxxeHusx on
OOBIYHO ompenenseTcs U3 «PU3NIECKHX» COOOpaKEHHH.
IToaTomy, pesmnonaras, 4To OH U3BECTEH, MBI IIOKaKEM, UTO
MpocTasl OLIEHKa JJIs TapaMeTpa a MOXKET OBITh TOoJIyueHa
METOJJ0OM MOMEHTOB. Kak M3BeCcTHO, BEIOOpOUHOE cpeHee
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BEIOOpKH X),...,. X ABIAETCSA HAMIIydllEH OLEHKOH Mare-
MaTHUECKOTO OKHIAaHMS ClyuaiHoO! BennuuHbl. M3 mpen-
cTaBieHud (5) nomyuaem
W, =EX=EY+cEZ=p, +c——.
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B >TOM CcOOTHOIIEHUH, 3aMEHAS TEOPETUIECKUE CPEJ-
HHe MX BBIOOPOYHBIMH aHAJIOTaMH, KOTOPBIE SBISIOTCS HX
OLIEHKaMHU, TI0JTy4aeM
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AHanoru4Hasi OLeHKa noyuydeHa B [9] MeTogoM Makcu-
MaJIbHOTO mpaponoxodus. [Tycts X(l),. . .,X(n) — [IOPSIIKOBBIE

CTaTUCTHUKHU CIIydaliHOU BBIOOPKH X,...,X| U3 reHepaabHOI

COBOKYIHOCTH C ITTIOTHOCTHIO pactpenencHus (3). OyHKIus
MPaBIAONOA00HS UMEET BUJT

st

l(x] yeer X, ) =(1- a)”a"ElL[H v (x(zmﬂ) —mc). 6)

m=0 j=1
3nech k, — 4UCIIO YWIEHOB B BBIOOPKE B HMHTEpBAJE
_ _ =_ -1
[me(m+1)e), Z,=0, Z,=%, Z, Z=n"'Y, mz, u

r= LX ) /c J B [41] ouenku apyrux mapamerpoB ALM-

pacmpeneaeHU HaWIeHBI METOJOM MAaKCHMalIbHOTO
MPaBIONON00Hs C UCIOIB30BAHUEM MPHUBEACHHOMN BBIIIE
(hyHKIMHU TIPaBIOTIOO0US.

1.3.2. IIpoBepka runores o ALM-pacnpeneieHusix.
MopeanpoBanue

WuTtyntnBHO sicHO, yTo ALM-pacnpeneneHus JOKHBI
CTPEMHTHCS K SKCTIOHEHITHATIBHOMY PacIpeieIeHHIO, KOTa
napametp c—0. Terepb MBI JaIiM CTPOTOE T0Ka3aTEIHCTBO
3TOTO YTBEPKICHHUS.

Ecmn c—0 u a— 1 tak, uto 1—-a~Ac, e A — MOI0KHUTEb-
Has KOHCTaHTa, To mpenen ALM-pacrpenenenus sBiaseTcs
HKCTIOHEHIIMAIIBHBIM PACIIPEIENICHUEM C TapaMeTPOM A.

[Ipeo6pazoBanue Jlannaca-Crunrbeca ALM-pacmpe-
JICIICHUS] UIMEeT BUJ
0 () =0, ()

1—aexp {—cs}

31eck HOCHUTENb CIydyaifHON BeIMYUHBI Y — MHTEpBAJ
[0,c], Haxomgum, uTO @, (S) — 1 mpu ¢—0. Bropoii MHoO-
JKUTEIb B BHIPOKCHHH JUIs @, (s) yroBreTBOpseT cooT-
HOIIICHHIO

l-a _ l-a _
1-aexp{-cs} 1-a(l-cs+(cs)’ /2-++)
1 1 A
= -

cs s )
1+ ——+o(c) 1+ hts
1-a A
CreoBaTenbHO, nepexoas K mpeneiy npu ¢c—>0 B mo-

a
CJIIEIHEM BBIPAJKEHUU, IOCKOJIBKY — A, MBI IIPUXO-

c
JIUM K YTBEP)KACHUIO TEOPEMBI. DTO YTBEP)KICHHUE TAKKE

MOJIpa3yMeBaeTcs TEOPeMOil 0 HEMPEPHIBHOM 3aBUCHMOCTH
npeobpazoBanuii Jlamnaca-CTuntbeca U KX OPUTHHAIIOB.
CormnacHo 3TuUM (akram, 1eIecoo0pa3Ho HCIIOIb30BaATh
9KCTIOHEHIIMAJIBHBIE PACTIPEICTICHUS KaK KOHKYPHUPYIOIIYIO
TUIOTe3Y IpH U3ydeHnu kiacca ALM-pacnpenenenuii ¢ mo-
CJIeNIOBATENBHOCTBIO ¢, =mc. C Ipyroi CTOPOHEI, TapaMeTp
€ 4aCTO W3BECTEH U3 NMPHUPOJABI UCCIECIYEMOTO SIBICHHUS.
ITosToMy ecTh OCHOBaHUS IS CPaBHEHHS pa3IMIHbIX ALM-
pacrnpeziesIeHHH 1J1s1 OMHOTO M TOTO e 3HAYEHHUs [TapaMeTpa ¢
1 pa3HbIX INIOTHOCTEH paciipeneneHus Ha nukine. [Ipeasapu-
TENbHBIE PE3yNBTaThl TAKOTO HCCIIEA0BAaHNS COOOIIEHBI B [41].
Hwxe MbI m35maraem ux 0600IIeHHS ¥ TPUBOAUM IIPUMEPHIL.
ITycts x,...,x, — BBIOOpPKA U3 T€HEPAIbHOM COBOKYII-
HOCTH C HEHW3BECTHOH IIOTHOCTBIO pacrpesesieHus f(x).
PaccmoTtpum 3a1ady IpoBEepKH HyNIEBOi Tunoressl H, : f{x)
= f,() IPOTHB anbTepHATUBHOI runoTe36l H, : f{X) = f,(X).
Cornacuo teopeme Heiimana-Ilupcona, Haubosee
MOIIHBIM KPUTEPHEM TSl IPOBEPKHU ITPOCTOM TUIIOTE3BI /1,
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IPOTUB aJbTEPHATHUBEI [, ABIAETCS KPUTEPUH OTHOLICHUS
npasnononaoouii. [Tockonpky HaOMIOMCHUS HE3aBHCUMBI,
KpUTHYECKas 00JacTh JIsl 3TOTO0 KPUTEPUS MOXKET OBITH
BBIpa)KCHA KaK

_ ‘fl(xl,...,xn)_ " fl(xl)
W= (x“”"x")'f{)(xl,...,xn)_l;[ﬁ)(xi)w ,t>0.(7)

YpoBeHb 3HAUUMOCTH L M1 MOILITHOCTb T 3TOTO KPUTEPHUs
paBHBI

a=p, {(W}=p, {(X,...X,)ew},

n=p, {W}=p, {(X,....X,)eW}.

[pu BeUHCICHUSIX YIOOHEE UCTIONB30BATh HATYPAIbHBIN
norapudm npoussencuus B (7). Jlasg 3Toi nenu BBemeM
HATypabHBIH JIOrapu(M OTHOIICHUS MPaBIONOI00HIA, KO-
TOPBIH 7151 KPAaTKOCTH Ha3bIBAETCSl CTATUCTUKON KpUTEPUS

n fl ( xi) n
w=m[]-5-5=" (Inf, (x,)-Inf, (x,)).
i-1 Jo (x,- ) i=1
IIpumensist meron MonTe-Kapio, Mbl BEIUKCIISIEM KPUTH-
YyecKoe 3HaYEHHE £, [T yPOBHsI 3HAUMMOCTH 0L U MOIITHOCTb
n kputepus. [lonxonsuuii anroputm onucad B [41]. 3aech
MBI OITyCKaeM JIeTajH.

1.4. PasnuyHble cnocoObl Nony4YeHns
pacLMpeHHbIX MaTeMaTU4YeCKuxX
pe3ynbTaToB

MHorue BepOsITHOCTHBIE paclpeseneHus (Harpumep,
SKCIOHEHIUANBHOE, JIOTUCTHYECKOE, paBHOMEpHOE, [1ape-
T0, Mapmana-OJKuHa U HEKOTOPBIE APYIHe) XapaKTepH-
3yI0TCSI TEM, UTO CBS3aHHbIE MAaTEMAaTU4ECKHUE BBIPAXKEHUSI
MOTyT 0o0JIafiaTh CBOWCTBOM IIOYTH OTCYTCTBHS NaMSTH,
€CJIM Takoe ypaBHeHHE (pUKCHpyeT Ipyroi Kiacc Bepo-
SITHOCTHBIX paclpe/leNIeHuil, 3aBUCSINUI 0T IapamMeTpa c.
OTO 3HaYEHHE y=c, U NIPEAIONaras ero BEpHbIM JJIs BCEX X
B ero obiactu R, BBl MO)KET€ KOHCTPYKTHBHO MOJIYYHUTb
ALM-pacnpenenenus. Crarbu [6, 7, 22, 25, 34, 36, 40]
HCHOJB3YIOT TAaKOH MOAXOJ Y MOIY4YaroT UHTEPECHBIE
pe3yabrarel. MBI PEKOMEHyeM MOJOABIM MaTeMaTHKaM
€ro UCIOoJb30BaTh. TaM MHOTO BO3MOXHOCTEH MPOBEPUTH
cebs. B [6], [40] u [51] MBI HCIIOTB30BAIH TaKOH MOJIXOM B
OrBapraTHOM (YHKLIIMOHAJIBHOM YPaBHEHHH, aHAIOTHIHOM
(2), KoTOpOE XapaKTepU3yeT IBYMEPHOE 3KCIIOHCHIINAIBHOE
pacnpenenenue Mapmana-OnkuHa, TOIYyYUIH AByMEPHOE
pacmupenue kinacca ALM-pacnpenenenuil 1 u3y4unu He-
KOTOpBbI€ UX cBoWCTBA. B [7] 1 [22] MBI HCIIONB30BAIIN MYJIb-
TUIUIMKATUBHBIN SKBUBANEHT ypaBHeHUs Ko, koTopslit
XapakTepusyeT KaKk paBHOMEPHOE, TaK U PACIpe]esICeHUe
[TapeTo, ¥ MOTYYNIIN KNACChl UX UCKAKEHHBIX IKBUBAJICH-
TOB. Pacmmpenue kiacca J0rMCTUYECKHUX paclpeneaeHni
noiyueHo B [25]. [Ipyrue myOiauKaluu, MepednucieHHbIe
B CCBUIKAaX, aHAJIM3UPYIOT pa3IHuHbIC IPUIOKEHHS U Xa-
pakrepusanuu ALM-pacnpenenenuil uepes cBOMCTBa MPo-
LIECCOB B NPHUKJIQJHBIX CUTYalMsX. MBI XoTenu Obl 37ech
0c000 COCPeIoTOUNTS Ballle BHUMaHKE Ha IIPeo0pa3oBaHUN
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PEJIEBaHTHOCTH BEPOSTHOCTHBIX pacIipeielIeHuid. DTo pac-
HpeJe/icHIe BPEMCHH JKU3HU CHCTEMBI, TJ¢ HAOIIONCHUE
3a OJTHMM DJIEMCHTOM M3 HabOpa aHAJIOTMYHBIX AJICMEHTOB
OJTHOBPEMEHHO HAYMHAIOT paboTaTh B OAMHAKOBBIX YCIIO-
Busix. Korma HaOmonaeMplil 3IEMEHT OTKA3bIBaeT, OH He-
MEJIJICHHO 3aMCHSIETCSl IPYTUM 3JIEMEHTOM U3 Habopa Bce
emre padortaronmx (KHBBIX) JIEMEHTOB. Pacnpenencuue
JUTMTENIbHOCTH BPEMEHU OT Hauyajla 10 MOMEHTa, Koraa
OTKa3bIBaE€T BTOPOW 3JIEMEHT, SBISACTCS MPeoOpa3oBaHU-
€M PEeJIEBaHTHOCTU HMCXOAHOIO paclpesesieHUusl BpEMEHU
J)KM3HU KaXJ0Tro 3jieMeHTa. Mbl Joka3biBaeM B [16], 4uto
COBIAJICHHE ITPEOOpPa30BaHUs PEICBAHTHOCTH C UCXOIHBIM
BPEMEHEM KH3HH 10 paCHpPeICTICHUIO TAKXKE XapaKTEePU3yeT
kinacc ALM-pacnpenenenuit. Ha Takoit Mopenu ecTb Haj
4eM mopadoTaTh MOJIOJBIM BEPOSTHOCTHHKAM, CCIIH MM
9TO HPaBUTCHL.

2. 'padmnyeckas nnnocTpauus
ceoucte ALM-pacnpegeneHun
M UX aHanus3

Jnsga HarnsgHoW neMoHcTpauuu cBoiicTB ALM-
pacrpenencHuil MOCTPOUM CEPHH TPa(UKOB, HMILTFOCTPH-
PYIOIIUX KIFOUYEBBIC XapaKTEPUCTHUKHU JTAHHOTO Kilacca
pacupexneneHuii. Bce rpaduku mocTpoeHs IS mapamMe-
TpoB ¢=5, a=0,7 u A,=0,8, T1e ¢ — nepuox pacnpeneacHus,
a=P(X>c) — BEepOsITHOCTB «TIEPEKUTDH» ONUH ITEPUOL, a A, —
mapaMeTp YCEIEHHOTO SKCITIOHESHIIMATLHOTO PacIipe/IeICHUS
Ha nHTepsane [0,c).

2.1. NMnoTHOoCTbL pacnpepeneHns ALM

Ha rpaduke mioTHOCTH pacnpeeneHus 4eTKo mpocie-
JKUBAETCs IIeproandecKas CTpykrypa ALM-pacnpenenenns
(puc. 1). ®yHKINS MIIOTHOCTH UMEET BHU:

Sy (x) = (1 - a) aL"/"JfY (x - Lx / ch),

rae f{(y) — IUIOTHOCTh YCEYEHHOTO 3KCIOHEHIUAIBLHOTO
pactmpenenenus Ha [0,c):

0254 1 i — ALM
{ { == 3KCMOHeHUnabHoe

0.20 1
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"
w

NAOTHOCTD f(X)

e
o
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0.05 +

0.00 1

0 5 10 15 20 25
Bpems (x)
Puc. 1. CpaBuenne mioTHOCTEH ALM 1 3KCIIOHEHIIHAIEHOTO

pacnpeacicHust



PACMNPEAENEHUS, OBJIAJAIOLLLUE CBOMCTBOM NOYTU OTCYTCTBUSA MAMATU (ALM) U UX NPUITOXEHUS

~Ayy
Aye

- l—e ™’

£ (v) yelo,c).

BuzyansHO HaOMIOMAIOTCS PEry/sipHbIC MHKH B TOYKAX
x=0,5,10,15,..., COOTBETCTBYIOIIME HAUaTy KaKJI0TO HOBO-
ro nepuoja. Kaaplit OJOK JUIMHON ¢ = 5 IeMOHCTPUPYET
WJICHTUYHYIO (OpMY IUIOTHOCTH, YTO MOJATBEPIKAACT Iie-
PHOAMYECKYIO TPUPOLY pacrpeneicHus. s cpaBHEHUS
MPUBE/ICHA INIOTHOCTD SKCITOHEHIIHAILHOTO PACIIPEICIICHHS

1
C TIapameTpom A = e, 0,0713, xoTopasi MOHOTOHHO
c

yOBIBAET U HE TIPOSIBIISIET IEPUOAUIHOCTH.

Takas cTpyKTypa IJIOTHOCTH COOTBETCTBYET CUCTEMAM,
HCHIBITHIBAIOIIUM IUKINYECKUE HArpy3KH, TJl€ Hadalo
Ka)XJIOTO NIEPHOJIA CBA3AHO C MOBBIIIEHHONW BEPOSATHOCTHIO
OTKa3a.

2.2. dyHKUuMA pacnpepeneHus

Oyukius pacnpeneneaus ALM (puc. 2) umeer aHanu-
TUYECKOE BBIpa)KEeHHE:

Fy(x)=1-a"" (1 ~(1-a)F, (x| x/c]c)),

e F}(y) - (l)yHKHI/IH pacnopeacjacHuss KOMIIOHCHTBI Y:
l _ oMy

e
F(») oo Y e[0,¢).

0.8 == 3KCNOHeHUManbHoe H H H -

0.6

0.2 1

0.0 1

[} 5 10 15 20 25
Bpems (x)
Puc. 2. ®ynxnuu pacnpenenenns ALM u 3KCIIOHEHIUAIEHOTO
pacrpeznenaeHus

Ha rpaduxe (puc. 2) oTU4ETINBO BUIHBI «U3JIOMBD» B
Toukax x=mc, m=0,1,2,..., TIe MPONCXOIUT ITEPEXO MEKITY
TIEPHOIAMH. DTH U3JIOMBI OTPAXKAIOT AUCKPETHYIO IIPUPO-
Iy CBOWCTBa OTCYTCTBHS IIaMSTH — CHCTEMa «3a0BIBaeT»
BO3pacT TOJNBKO B ONpEJeNeHHbIE MOMEHTHI BPEMCHH.
DKCIIOHEHIIMAIBEHOE paclpeelieHne, HalpoTHB, AeMOH-
CTPHpYET IIIAJKYI0 MOHOTOHHO BO3PACTAIONIYIO (DYHKIIHIO
pacupenenenusi. CTyreHYaTHIH XapakTep pocTa QyHKINN
pacnpeneseHus SBISCTCS BU3YaJbHBIM ITOATBEPIKACHHEM
TOTO, YTO CBOHCTBO OTCYTCTBHS NMaMSTH BBIIOJTHIETCS
TOJIBKO B TMCKPETHBIE MOMEHTHI BpEMEHH.

2.3. UHTeHCMBHOCTb OTKa30B

HHTEeHCUBHOCTH 0TKa30B 11t ALM-pacnipeneneHus BbI-
YHCIETCS 0 popMmyle:

__(=9)fy (v x/e )
Ay (x)= 1_(1_Q)Fy(x—Lx/ch)-

I'paduk MHTCHCHBHOCTH OTKa30B (puc. 3) Hamboiee
HarJITHO JAEMOHCTPHUPYET KitoueBoe cBoWcTBO ALM-
pacmpeneneHuii — nepuoanIHoCTs. DyHKIUS A,(X) cTporo
MepPHOANYHA C MEPHOAOM ¢ = 5, IOBTOPSAS OTMHAKOBYIO
dbopmy Ha kaxoM uHTepBaie [mc,(m+1)c). B otuune ot
3TOT0, HHTEHCHUBHOCTh OTKAa30B AKCIIOHEHIIHAIEHOTO pac-

Ina
IpeJieNieHus IOCTOSIHHA U paBHA A = ———,
c

0251 — AaM
— =  BKCNOoHeHUWanbHoe

0.20 1

0.15

Ax)
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0 5 10 15 20 25
Bpems (x)
Puc. 3. UaTeHcuBHOCTH 0TKa30B ALM 1 3KCIIOHEHIIMAIBbHOI'O
pacnpeneneHus

[lepronuyeckass HHTEHCUBHOCTh OTKa30B HAEabHO
MOJIENTPYET CUCTEMBI, pa00TaIOIIHe B HUKINYECKA MEHS-
TOIUXCS YCIIOBUSX, TAKMX KaK CYTOYHBIE [IUKJIbI HATPY3KH,
CE30HHBIC M3MEHEHUS WU PETYISIPHBIE PEKUMBI PAOOTHI
o0opynoBaHUsI.

2.4. dmnupuyeckas npoBepka
n mogenupoBaHue

Jns smnupuyeckoi nposepku cBoiictB ALM-pacmpe-
nenenust 6bu10 crenepupoBano 1000 peanuzanuii ciaydaii-
HOM BEJIMYMHBI C UCITOJIb30BaHUEM IPEACTABIICHUA:

X=Y +cZ,
rae Y, — ciryyaiinast BenuunHa Ha [0,c) ¢ yCeUeHHBIM JKC-
MMOHCHIUAJIbHBIM PACIIPECACIICHUEM, a Z— T€OMCTPUYCCKU
pactpesiesieHHas ciiy4yaifHas BeTMUMHA C TapaMeTpoM 1—a:

P(Z = k) = (l—a)ak, k=0,1,2,....
l'ucrorpamma cmonenupoBaHHbIX JaHHBIX ALM-pacmpe-
JieneHus (puc. 4) Mokas3pIBaeT MHOTOMOIATBHYIO CTPYKTYPY
C IMKaMU B TOYKaX, KPaTHBIX ¢=5, 4TO ITOJIHOCTBIO COOTBET-
CTBYET TEOPETUUECKON IVIOTHOCTH. | McTOrpaMMa 3KCIIOHEH-
LUAJIbHOIO PACIPEAEICHUS IEMOHCTPUPYET XapaKTEPHYIO
yObIBaOIIYy10 hopMmy.
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0124 =
ALM
SKCMOHEHUMa NbHOe

0.10 +

0.08

0.06 +

MNnoTHOCTE:

0.04 4

0.02 4

60 80 100

3HaueHue

Puc. 4. 'uctorpaMmbl CMOACTUPOBAHHBIX JAHHBIX

2.5. AHanu3 cBoMcTBa
OTCYTCTBMS NaMATH

BoruncnurensHbIN aHAMN3 MOATBEPANT (HyHIaMEHTAIb-
Hoe cBoiicTBO ALM-pacnpenenenuii:

P(X2c+xX 2c)=P(X 2x).

IIpu 3TOM CBOMCTBO BBINOJIHAETCS TOJBKO AJIs1 BO3PACTOB,
KpaTHbIX c. JI7151 MPON3BOIBHOTO BO3PacTa y, He KPaTHOTO ¢,
CBOMCTBO OTCYTCTBUSI ITaMSATH HE BBITTOIHICTCSL.

UwcreHHas: MPOBEPKA MEPUOANIHOCTH HHTEHCUBHOCTH
MOATBEPANIA CTPOTYIO MEPUOJUIHOCTE HHTEHCUBHOCTH
OTKa30B:

Ay (x+c)=ny(x) mmsaBeexx 0.

3HavyeHHs] HHTCHCUBHOCTH B TOYKAX X U X+C COBIAAIOT
C TOYHOCTBIO JI0 BEIYHUCIUTENILHON ITOTPEITHOCTH.

CpaBHEHHE CTATHCTHYCCKHUX XapaKTEPHCTHK II0OKA3aJo:

- ALM-pacnpenenenue umMeeT 0oiee BRICOKHH KOd(-
(GUIIEHT BapHalnK [0 CPABHEHHIO C IKCIIOHSHIHATbHBIM

- SMIIUPUYECKOE CPETHEE XOPOIIO COIacyeTcs ¢ Teope-
THYECKUM 3HAYCHHEM:

E[X]=E[¥ ]+ cE[z]=p, +c; .

—a

0.8

0.7 1

MNnoTHOCTL

0 1 2 3 4 5
Y

Puc. 5. Pacnpenenenue komoneHTs! Y, (Ha untepsaie [0,c))
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I'paduk pacnpeneneHust KOMIIOHEHTHI Y _C Ha HHTEpBae
[0,c) (puc. 5) npencrasnser GpyHIaMEHTANBHBIA HHTEPEC
JUIsl TIOHUMaHUs CTPyKTypel ALM-pacnpenenennii. Ota
KOMIIOHEHTA SIBJISIETCS IIEPBOM COCTABIISAIOLICH B BEPOAT-
HOCTHOM npezictaBieHnu ALM-pacnipenenenus X=Y +cZ,
rae Y, cocpepoToueHa crporo Ha uHTepsaine [0,c), a Z
npeacTaBiisieT co00il reOMEeTPUUYECKH paclpeaeiieHHYIO
CIIy4aliHyIO BEJIMYHMHY, HE3aBUCUMYIO OT Y.

BuzyansHoe npecTaBieHue IEeMOHCTPUPYET YCEUEHHOE
9KCHOHEHLUAIBHOE pacipeneneHue ¢ napamerpom A,=0,8
Ha OIpaHMYEHHOM HHTEpBalie JIUHOU ¢=5. Xapakrep
rpaduka NoKa3plBae€T MOHOTOHHOE yOBbIBaHHE IIOTHOCTH
BEPOSTHOCTH OT MaKCHMAaJbHOTO 3HAYCHHS B Ha4daJlbHOU
Touke y=0 NO MUHUMAJIBHOTO BOJHM3U IPaBOH TPAHUIBI
uHTepBana npu y=c. Takas ¢opma pacnpeneneHus co-
OTBETCTBYET MaTEMAaTHYECKOMY BBIPAKEHHUIO IIJIOTHOCTH
£y ()= }»Ye’k”')/(l—e’x"") ans ye[0,c), rae 3HaMeHa-
TEJIb BBIMOJIHAET (YHKIMIO HOPMHUPOBOYHON KOHCT@HTBI,
obecnieunpatomeii Bpimonnenne yenosus | f, (y)dy =1na
OTpPaHUYEHHOM HHTEpBAJe.

CMbICIIOBast MHTEPIPETaLHs PaCIIpeaeIeHus Y, pacKpbIBacT
€ro KaKk KOMIIOHEHTY, OIMCBHIBAIOIIYIO TOBEJICHHE CHCTEMBI
BHYTpU ofiHOro nepuoza. Kommonenra Y, Mmonenupyer «ocrta-
TOYHOE BPeMsI XKM3HW» 00bEKTa B TIPE/ieiax TeKyIIero HUKa
JUTMHOM C, IEMOHCTPHUPYS, KaK BEPOATHOCTH OTKa3a pactpese-
JICHa BHYTPHU 3TOTO0 BPEMEHHOIO MIPOMEIKYTKA. YOBIBAIOIIMI
XapaxTep KpUBOI CBUJIETENILCTBYET O IOBBIIEHHOU YsI3BUMO-
CTH CHCTEMbI B HaYAJIbHbIE MOMEHTHI KaXK/I0TO MEPHOa, YTO
MOYKET COOTBETCTBOBATh PEaIbHBIM (PU3HMUECKUM MPOLIeccam,
TaKMM KakK IIepUOJ IaNTallK K HOBBIM YCJIOBHSIM HJIH ITOBBI-
IICHHBIEC HAarPY3KH B Hayasie pabOoumX IUKIIOB.

Css3b pacnpeneneHust Y, ¢ noaasiM ALM-pacnpe-
JISTICHUEM TIPOSIBIISIETCSI B TOM, YTO UMEHHO (hopma 3TOi
KOMITOHEHTBI OIpeNeNIieT XapaKkTep MOBEICHNS MHTCHCUB-
HOCTH OTKa30B BHYTpPH Ka)ka0ro repuoza. [Ipu oObeniHeHnn
C T€OMETPUYECKON KOMIIOHEHTOM Z, KOTOpast OTBEYAET 3a CYET
YHCJIIa OJIHOCTBIO ITPOHIEHHBIX IIEPUOJIOB, PACIIPENeNeHue ¥,
(hopMHpYET OCHOBY JUIsl IEPHOANYECKOI CTPYKTYPBI IIOJIHOTO
pacnpenenenns X. MoyxHO cka3ark, 4TO Y, 3a1a€T «BHYTPHIIE-
PHOIHBIN POPHIIBY) CUCTEMBI, KOTOPBIN 3aTEM MOBTOPSIETCS
Ha Kaxa0M untepsaie [mc,(m+1)c) niust m=0,1,2,...

ITpakTuueckas LIEHHOCTb aHAIN3a paclpeaeneHus Y, 3a-
KJIIOYaeTCsl B BO3MOYKHOCTH [NOHUMaHHS MEXaHU3MOB (hOpMH-
pOBaHUs IEPUOITUYHOCTH B paboTe cucteM. M3yueHue sToi
KOMITOHEHTHI I03BOJIET UCCIIEA0BATENSIM OLICHUBATH Ha IeK-
HOCTB CUCTEMBI B IIPEAEIax OJHOTO IIUKJIA IKCILTyaTalliOH-
HOM Harpy3Ku U MOXKET CIIYKUTh OCHOBOM JJIsl ONTUMHU3ALIUU
cTpareruii mpopHIAKTHIECKOro 00CTyKMBaHKUs. S3HAHUE TOY-
HOTO pacrpezeneHus ¥, HeoOXoaquMo JUIs IPOrHO3UPOBAHUSA
MOBEJICHHSI CUCTEMBI B HayaJbHble (ha3bl KaXKI0ro Meprosa,
KOIJIa 4acTO MPOUCXOST KPUTHUECKHUE COOBITHSL.

I'paduk HamIAOHO MOATBEPIKIAET, YTO AaKE BHYTPHU
OT/ENBHBIX IEPUOJIOB CHCTEMa COXpaHsAeT CBOICTBA, yHAC-
JIeOBAaHHBIE OT 3KCIOHEHIMAJIBHOTO PAacHpesiesieHns], HO B
MonU(UIMPOBAHHOMN, ycedyeHHOU opMe. DTa orpaHuueHHast
9KCIIOHEHIINATIBHOCTh B COYETAHUH C IUCKPETHON T€OMETpH-
YECKOM KOMIIOHEHTOW MOPOKAAET NMPUHLMIINAIBHO HOBOE
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Puc. 6. Pacripenenenne KOMIOHEHTHI Z (TE€OMETPHUYECKOE)

BeposATHOCTHOE NoBeaeHne —ALM-pacnpenenenre, obnaia-
IOI1IEE CBOMCTBOM OTCYTCTBUSI TAMSTH TOJIBKO B IUCKPETHBIE
MOMEHTHI BpeMeHH. Takum 00pa3oM, KOMIIOHEHTa Y, urpaer
KIIFOUYEBYIO POJIb B (DOPMUPOBAHIN YHUKATIBHBIX XapaKTepH-
ctuk ALM-pacnipenenenuii, obecrieurnBasi MaTeMaTHIECKYIO
OCHOBY JUIS1 MOZIGJIUPOBAHUSI CHCTEM, paOOTAOMINX B MIEPH-
OINYECKH M3MEHSIOIINXCS YCIOBUAX OKPY/KAIOIIEH CPEBL.

I'paduk pactipeneneHus KOMIIOHEHTHI Z (pHC. 6) IpecTaB-
JIsIeT 0COOBII MHTEPEC IS IIOHAMAHHS TUCKPETHOM CTPYKTYPBI
ALM-pacnpezneneHunii. OTa reOMeTPUIECKH pacpeaeieHHas
CllydaiiHas BEJIMYMHA SIBJIIETCS BTOPOM COCTaBISIOLIECH B
¢ynmamenTansHOM nipencraBieHun ALM-pacnipeneneHus
X=Y+cZ, tne Z He3zaBucuMa OT Y, ¥ IPUHUMAET LIEJIIOYHC-
nerHsle 3HadeHus k=0,1,2,... BusyansHOoe mpencraBieHue
JIEMOHCTPHUPYET KJIACCHIECKOE T€OMETPHIECKOE pacIperie-
nenne ¢ mapamerpom p=1-a=0,3, rone a=P(X>c)=0,7 npex-
CTaBIISIET BEPOSITHOCTD «IIEPEXKUTHY OAWH MOJHBIA TEPUOL
JUTMHOH ¢. XapakTep rpaduka IoKa3bIBaeT pe3Koe yObIBaHHE
BepositHOCTel P(Z=k)=(1—a)d' ¢ pocTom k, uto cooTBETCTBYET
SKCTIOHEHIMATIFHOMY decay, THIIMIHOMY IS TEOMETPHIECKOTO
pacnpeneneHus. HanbomnpImast BEpOATHOCTb COCPEIOTOUCHA B
Touke k=0, a KaykHasi IMOCIEAYIONIast BEPOSITHOCTh YMEHBIIIa-
€TCsI B @ Pa3 [0 CPAaBHEHHMIO C PEABITYIIEH.

CMBICTIOBast HHTEPIIPETALSI KOMIIOHEHTHI Z PACKPBIBACT
€€ KaK CYETYHK YHCIIa OIHOCTHIO 3aBEPIICHHBIX IIEPHUOIOB,
KOTOpBIE CHCTEMA CIIOCOOHA TPOMTH 10 HACTYIUICHHS OTKa-
3a. Kaxxnoe 3HaueHne Z=k COOTBETCTBYET TOMY, YTO CHCTEMA
YCIEIIHO TPEOAO0IIENA k TIOMHBIX INKIIOB JUTHHON C KaXIbIH,
IocJIe 4ero OTKa3ajla B TEUEHHE CIIEIYIOIIEr0 HETOIHOTO
LIMKJIA, OMUCHIBAEMOTo KOMIOHeHToH Y. Takum obpaszom,
Z MOZAENUpyeT JUCKPETHYIO COCTaBILIONLYIO «TOITOJICTHS
CHCTEMBI, U3MEPSIEMYIO B IENBIX YHCIAX MEPHOIOB, B TO
BpeMs Kak Y, ONUCHIBAET HENPEPHIBHYIO COCTABISAIONLYIO
BHYTpH IOCIIEAHETO, HE3aBEPIIEHHOT0 nepruoaa. Takas nH-
TEpIpETALS] HAPSMYIO CBsI3aHA C CBOHCTBOM OTCYTCTBHS
MaMATH B JUCKPETHBIC MOMEHTHI BPEMEHHU: TOCIIE 3aBep-
LIEHHS K)KJI0TO MOJIHOTO NEPHOia CHCTEMA CTAaTHCTHYECKU
«OOHOBIISIETCS» M HAYMHAET CJISYIOIINH EPHO]] KaK HOBas,
YTO MaTeMaTHYECKH BBIPAXKAETCSI B TOM, UTO YCIOBHOE pac-
npeneneHue X—mc npyu yClIOoBUUA X=mc HE 3aBUCHUT OT 7.

CBs13b F€OMETPUIECKON KOMITOHEHTHI Z ¢ MONTHBIM ALM-
pacrpeneneHueM NposBISIETCS B CO3AAHUH IEPHOIUIECKON
CTPYKTYpPBI HA MAKpOypOBHE. B T0O BpeMst kak KOMITOHEHTa Y,
omperenseT NOBEACHNE CUCTEMBI BHYTPH Ka)KJIOTO OTACIb-
HOTO IIepHO/ia, KOMIIOHEHTa Z OTBETCTBEHHA 3a IIOBTOPEHHE
9TOM BHYTPHUIIEPHUOAHOM CTPYKTYpHl Ha BCEH BPEMEHHOU
ocu. VIMmeHHO TeoMeTpHUdecKoe pacmupeneiaeHue Z obe-
CIEYMBAET CBOWCTBO «OJOYHOIO MOBTOPEHHS» MNIOTHOCTH
pactipenesnenust X, HaOmonaeMoe Ha OCHOBHOM Tpaduke
mioTHOCTH ALM-pacnpenenenns. MoxXHO cka3arb, 4ToO Z
3a71aeT «CKEJET» paclpencineHus X, onpenesss MO3UIuN
TeX TOYEK, II€ IUIOTHOCTh UMEET JIOKaJIbHbIE MAKCHMYMBI,
COOTBETCTBYIOIINE HayajlaM HOBBIX EPUOIOB.

[TpakTHdeckass 3HAUUMOCTh aHAIN3a paclpeaeieHus Z
3aKIIIOYAETCsl B BO3MOKHOCTH OICHKH («JIOJITOBEYHOCTI
CHCTEMBI B TEPMHHAX YHCIIa IUKIOB AKCILTyaTalluy. 3HAHUE
napamerpa a=P(X>c) mo3BoJseT IpOrHO3UpOBaTh, CKOJIBKO
TIOJTHBIX ITepHo/IoB cucteMa likely mepexxuBeT 110 0TKa3a, 4To
0COOEHHO BaYKHO IS CHCTEM, pabOTAIOMNX B MUKITHIECKAX
PEXHMMax, TAKUX KaK CyTOUHBIE ITUKJIIBL, CE30HHBIC N3MEHCHUS
WU peryJsipHbIe TEXHOJIOrn4eckue npoueccel. Kpome toro,
reOMETPUUYECKHH XapakTep pacnpezeneHns Z o0ecreynBacT
yROOHBIA MaTeMaTHUECKUI ammapar sl BBIYUCICHHS pa3-
JIMYHBIX BEPOSITHOCTHBIX XapaKTEPUCTUK CHCTEMBI, TAKUX KaK
cpennee Bpemst xusHu E[X|=E[Y |+cE[Z], tne E[Z]=a/(1-a).

I'padux HArTISTHO MILTIOCTPHUPYET, KaK IUCKPETHAS I'e0-
METpHUYECKasi KOMIIOHEHTa B COYETAaHUH C HETMPEPBIBHON
KOMIIOHEHTOH Y, MOopoxaeT THOpHIHOE paclpeaeicHue,
oOnajaroniee cBOMCTBAMH KaK AWCKPETHBIX, TaK U HEIpe-
PBIBHBIX paclpenesieHHiH. JTa yHUKanbHas KOMOWHanus
mo3Bossier ALM-pacripeneneHusiM ajeKBaTHO MOJEIHPO-
BaTh CHCTEMBI, B KOTOPBIX MPOIIECCHI CTApEHUS M OOHOB-
JICHHUS TIPOUCXOAAT HA Pa3HBIX BPEMEHHBIX MacmTabax:
HETIPEpPHIBHOE CTapeHne BHYTPHU MEPUOAOB U JIUCKPETHOE
«OMOJIO)KEHHE» Ha TPaHUNAX MEepHOAOB. TakuM oOpas3oM,
KOMITIOHEHTa Z SIBIISIETCSl HE MPOCTO MaTeMaTH4ecKoil ao-
CTpaKLKel, a CyIEeCTBEHHBIM 3JIEMEHTOM, OTPaKaroLIIM
(byHIaMeHTaIbHbIE MEXaHU3MBI pabOTHI CUCTEM B IIEPHO-
JIMYECKH N3MEHSIOINXCS yCIOBHX OKPYXAIOMIEH Cpepl.

Takum oOpa3zom, npezcTaBieHHbIe Tpadukn odecrneyn-
BAaIOT KOMITJIEKCHOE BU3YyaJIbHOE MPEICTaBICHHUE KIFOUEBBIX
cBoiicTB ALM-pacnpeneneHuii, a UMEHHO:

- TIepUogNYEcKast CTPYKTYpa IIOTHOCTH M (YHKIIUU
pacnpeneneHus;

- CTpOras NepuOAUYHOCTh MHTEHCUBHOCTH OTKAa30B;

- IMCKPETHOE CBOWCTBO OTCYTCTBHS ITaMSTH;

- COINIACOBAHHOCTH TEOPETHUECKUX M SMIUPUIECCKUX
XapaKTEePHUCTHUK.

BbiBOAObI

Urak, B craThe mpencrasieH 0030p (yHIaMEHTAIBHBIX
PEe3YIBTATOB, IIOCBSIICHHBIX KIIACCY PaCcIpeIeNIeHHH C II0YTH
orcyrctBrueM mamstu (ALM), KOTopeie CITy»aT eCTeCTBEH-
HBIM M MOIIHBIM OOOOIIEHHEM KITACCHYECKOTO 3KCIIOHEH-
[UAJILHOTO pacnpenenenus. Kirouepast MoTuBaIms paboThl
CBs3aHA C HEOOXOMMMOCTEIO aIeKBaTHOIO MOZIEITUPOBAHUS
cHcTeM, (DyHKIMOHHUPYIOIIHX B IEPUOIMISCKU MEHSIOIEHCS
cpexe, rae Takue GaKTopsl, Kak Ce30HHOCTh, CyTOYHBIE LM~
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KJIBI WJIM LUKJIBI TEXHUYECKOTO OOCITY>KHBAHMUS, HApYILAIOT
MIPEATIOIOKEHNE O CTAllMOHAPHOCTH, IPUCYIEe CTaHAAPT-
HBIM IKCINOHEHLUAIBHBIM MOJETsIM. B cTatbe BBOAMTCS U
BCECTOpOHHE Huccienyercs kinacc ALM-pacnpenenenuii,
XapaKTepU3YIOIIUXCSl CBOMCTBOM OTCYTCTBHSI AaMATH HE B
KaXJIOM TOYKE BPEMEHH, a JIUIIb B JUCKPETHBIE MOMEHTHI,
o0Opasytomye apudmeTHIecKyro nporpeccuto. JlokaszaHo, 4to
€CJIM CITyyJaiiHas BeJIM4YMHa 3a0bIBaCT CBOW BO3PacT B HEKOTO-
Ppoit GPUKCHPOBaHHOM TOYKE, TO 3TO CBOHCTBO aBTOMATHYECKU
pacrpocTpaHsieTcs Ha Bce KpaTHbIE € MOMEHTHI BPEMEHH.

IIpencraBieH KOMIUIEKC SKBUBAJIEHTHBIX XapaKTEPUCTUK
ALM-pacnpenenenuii, BKiItouas SIBHbIM BUJ QyHKIHUK
pacripesienieHus 1 INIOTHOCTH, UMEIOIINX OJIOYHYIO TIEPHO-
JUUYECKYIO CTPYKTYPY, aHATUTUIECKOE CBOMCTBO IIEPHOHY-
HOCTHU MHTEHCUBHOCTU OTKAa30B, a TAK)KE BEPOATHOCTHOE
MIpeJCTaBICHUE B BUJE CyMMbI HE3aBUCUMOM ciydalHON
BEJIMYUHBI HAa MHTEPBaJe U T€OMETPUUECKH paclpeiesIeH-
HOW BEJTMUUHBI. JTO MPEACTABICHHUE KpailHe MOJIe3HO I
MOJIEIUPOBAHUS U CTATUCTHUECKOTO aHAIN3A.

MeTtononorus padoThl HOCHT MEXAHCUUILTMHAPHBINA
XapaxkTep, o0beANHSISI METO/Ibl TEOPUH BEPOATHOCTEH,
MaTeMaTH4eCKOW CTAaTUCTUKH, TEOPUM HAJIEKHOCTU U
TEOpUH MaccoBoro oodciyxuBanus. [lokazano, uto ALM-
pacnpeneneHusl HanpsiMylo CBsSI3aHBl C NEPUOANYECKUMU
HecCTallMOHapHbIMU Ipoueccamu [lyaccoHa, 4To OTKpBIBaeT
LIIUPOKHE BO3MOXHOCTH JAJIS UX NMPUMEHEHHsS B Halexk-
HOCTH T€XHUYECKHX CHCTEM, CTPAXOBaHMU, SKOJIOTHH, UC-
CJIeIOBaHUH Ollepalyii ¥ APYrux o0nacTsx, e MpoLecchl
MIOJBEPKEHBI NEPUOAUUECKUM U3MEHEHUSM.

B 3akmroueHne oTMETHM, YTO CTaThs HE TONBKO CUCTEMa-
TU3UPYET OOraThlii TEOPETUUECKUI MaTeprall, HO M CIIY>KUT
MIPAKTUYECKUM PYKOBOICTBOM, 3aIIOJIHSISI BXKHBIH Ipo0es B
BEPOSITHOCTHOM MOzieNTpoBaHuu. I IpeioskeHHbIH Ki1ace pac-
IIpe/ieNieHNH IPeJOCTaBIISIET UCCIISIOBATEIAM aJIeKBAaTHBIN U
MareMaTH4ecKy CTPOHHBIH anmnapar s padoThl C TIEpUOIH-
YEeCKUMHU HECTallMOHAPHBIMU NIPOLIECCAMU, HAIVIHO IEMOH-
CTpHpYl, KaK INTyOOKHE TEOPETHIECKHE PE3YIIBTaThl HAXO/IST
MIpSAMO€ IPUMEHEHUE B PEIICHUHN MPUKIIaIHBIX 3a/1au.

Cnucok nutepartypsbl / References

1. Dimitrov B., Petrov P. Controlled process with explicit or
implicit breakdowns and repeat action / In: System Fault Diagnos-
tics, Reliability and Related Knowledge — Basic Approaches, v. 1
(Edit. Sp. Tzafestas et al). D. Reidel Publ.Comp, 1987. Pp. 415-428.

2. Dimitrov B., Kolev N., Petrov P. Control of unreliable pro-
cess with implicit breakdowns and mixed executive times // Math.
Balkanica, New Series. 1988. Vol. 2. Pp. 391-396.

3. Khalil Z., Dimitrov B., Dion J.-P. A characterization of the
geometric distribution related to random sums. Rapport de re-
cherche N 76. Univ. de Quebec a Montreal, Dec. 1988. Pp. 1-21.

4. Dimitrov B., Khalil Z. On a new characterization of the expo-
nential distribution related to a queuing system with an unreliable
server // J. Appl Probab. 1990. Vol. 27. Pp. 221-226.

5. Khalil Z., Dimitrov B., Dion J.-P. A characterization of the
geometric distribution related to random sums // Commun. in Stat-
ist. Stochastic Models. 1991. Vol. 7. Pp. 726-729.

6. Dimitrov B., Chukova S. On the bivariate distributions having the
almost-lack-of-memory property. Technical Report of the Wurzburg
Research Group on Quality Control, No. 33, June 1991. Pp. 1-16.

42

7. Dimitrov B., von Collani E. A characterization of distributions
having the multiplicative almost lack of memory property. Techni-
cal report of the Wurzburg Research Group on Quality Control No.
32, June 1991. Pp. 1-16.

8. Khalil Z., Dimitrov B., Petrov P. On the total execution time
of a job on unreliable server. Technical report, 1/91, Concordia
Univ., Math & Stat. Dept. July 1991.

9. Dimitrov B., Chukova S., Khalil Z. Characterization of
probability distributions similar to the exponential. Tech. Report,
Concordia Univ. # 2, 1992. Pp. 1-29.

10. Dimitrov B., Chukova S. On the distributions having the
almost lack-of-memory property // J. Appl. Prob. 1992. Vol. 429.
No. 3. Pp. 691-698.

11. Dimitrov B., Khalil Z. A class of new probability distribu-
tions for modeling environmental evolution with periodic behavior
// Environmetrics. 1992. Vol. 3(4). Pp. 447-464.

12. Chukova S., Dimitrov B., Garrido J. Renewal processes
generated by distributions with periodic failure rates // Proc. 26-th
Annual Actuarial Research Conference, Univ. of lowa, Aug. 1992/
Editors: James Broffit and Elias S. Shiu. Actuarial Research Clear-
ing House, 1993. Part 1. Pp. 83-95.

13. Chukova S., Dimitrov B., Garrido J. Renewal and non-homo-
geneous Poisson processes generated by distributions with periodic
failure rate // Statistics & Probability Letters. 1993. Vol. 17. Pp. 19-25.

14. Chukova S., Dimitrov B., Khalil Z. A characterization of
probability distributions similar to the exponential // The Canadian
Jour. of Statistics. 1993. Vol. 21. No. 3. Pp. 269-276.

15. Dimitrov B., Khalil Z., Le Normand L. A statistical study
of periodic environmental processes // Proceedings of the Inter-
national Congress on Modelling and Simulation, Dec. 6-10, 1993.
The Univ. of Western Australia, Perth, 1993. Vol. 41. Pp. 169-174.

16. Chukova S., Dimitrov B., Dion J.-P. Relevation transforms
characterize probability distributions // J. of Appl. Math. and Sto-
chastic Analysis. 1993. Vol. 6. No. 4. Pp. 345-358.

17. Dimitrov B., Khalil Z. Some characterizations of the
exponential distribution based on the service time properties of
an unreliable server // Stability Problems for Stochastic Models
(Editors V. V. Kalashnikov, and V. M. Zolotarev). Lecture Notes
in Mathematics, 1546. Springer, 1993. Pp. 17-25.

18. Dimitrov B., Chukova S., Green D. Probability distributions
in periodic random environment // ASA 1993 Proceedings of the
Section on Quality and Productivity. Pp. 251-256.

19. Dimitrov B., Chukova S., Khalil Z. Bivariate probability
distributions similar to exponential // Approximation Probability
and Related Fields / Edit. G. Anastassiou and S. Rachev. 1994.
Pp. 167-178.

20. Khalil Z., Dimitrov B. The service time properties of an
unreliable server characterize the exponential distribution // Adv.
Appl. Prob. 1994. Vol. 26. Pp. 172-182.

21. Dimitrov B., Chukova S., Khalil Z. Definitions, characteriza-
tions and structural properties of probability distributions similar
to the exponential // J. of Statistical Planning and Inference. 1995.
Vol. 43(1). Pp. 271-287.

22. Dimitrov B., von Collani E. Contorted uniform and Pareto
distributions // Statistics & Probability Letters. 1995. Vol. 23.
No. 1. Pp. 157-164.

23. Chukova S., Dimitrov B. Execution time on an unreliable
server with latent breakdowns / In: Matrix-Analytics Methods
in Stochastic Models, Edt. S. Chakravarthy and A. Alfa. Marcel
Dekker, Inc., New York — Basel — Hong Kong, 1996. Pp. 225-239.

24. Dimitrov B. Periodic random environment generates com-
pound counting processes with amazing properties. Applications /
7-th Annual GMI Industry Symposium. Proceedings: Technology
& The Quality Revolution. 1996. Pp. 148-163.

25. El-Saidi M.A., Dimitrov B., Chukova S. Some moment
properties and limit theorems of the Reversed Generalized Logistic
Distribution with applications // Communications in Statistics:
Theory and Methods. 1996. Vol. 25. No. 3. Pp. 609-630.



PACMNPELEJIEHUS, OBJIADAIOLLUME CBOMCTBOM NMO4YTU OTCYTCTBUA MAMSATU (ALM) U UX MPUITOXXEHUS

26. Dimitrov B., Khalil Z., El-Saidi M.A. On probability
distributions with accumulating failure rates in periodic random
environment / Environmetrics. 1996. Vol. 7. Pp. 17-26.

27. Garrido J., Dimitrov B., Chukova S. Ruin Modeling for
Compound Non-Stationary Process with Periodic Claim Intensity
Rate. Technical Report No. 2/96, May, Concordia University, Dept.
of Mathematics and Statistics, Montreal, Canada. 1996.

28. Dimitrov B., Chukova S., Green D. Probability distributions
in periodic random environment and their applications // SIAM J.
Appl. Math. 1997. Vol. 57. No. 2. Pp. 501-517.

29. Chukova S., El-Saidi M.A., Dimitrov B. Extended Logistic
Distribution. Properties and Possible Applications // Statistical Data
Analysis, Edt. D. Vandev, Bulg. Acad. Sci., and St. KI. Ohridski
Univ. of Sofia. 1998. Pp. 10-22.

30. Dimitrov B. Uncertainty in periodic random environment
// Applications of Mathematics Engineering. Vol. 23. Heron Press,
Sofia, 1998. Pp. 15-26.

31. Dimitrov B., El-Saidi M. A., Khalil Z. Overall Population Growth
in Periodic Environment // Environmetrics. 1998. Vol. 9. Pp. 317-328.

32. Dimitrov B., Chukova S. Environmental Modeling in
Driving Periodic Conditions // Applications of Mathematics in
Engineering. Vol. 24. Heron Press, Sofia, 1999. Pp. 21-30.

33. Dimitrov B., Chukova S., Green D. The Bivariate Prob-
ability Distributions with Periodic Failure Rate Via a Hyperbolic
Differential Equation / Dynamics of Continuous, Discrete and
Impulsive Systems. 1999. Vol. 5. Pp. 81-92.

34. Dimitrov B., Chukova S., El-Saidi M.A. Modeling Uncer-
tainty in Periodic Random Environment: Applications to Envi-
ronmental Studies // Environmetrics. 1999. Vol. 10. Pp. 467-485.

35. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
of an Age Dependent Failure Model for Repairable and Non-
Repairable Products. Tech. Rep. No0.2/99, July 1999. Dept. of
Math. and Statistics, Concordia University, Montreal. Pp. 1-16.

36. Chukova S., Dimitrov B. Rate Models in Environmental
Studies. Research Report 2000:1, Division of Quality Technol-
ogy & Statistics, Lulea Univ. of Technology, SE — 971 87, Lulea,
SWEDEN. Pp. 1-6.

37. Dimitrov B., Khalil Z., Christozov D. Reliability Mainte-
nance Under Age — Proportional Repairs/ ESREL 2001 Towards a
Safer World. Ed. by E. Zio, M. Demichela, N. Piccinini, Politecnico
di Torino // Proceedings of the European Safety and Reliability
Meeting, v. 2. Pp. 1147-1154.

38. Dimitrov B., Khalil Z., Rykov V. et al. Likelihood Ratio Test
for Almost-Lack-of-Memory Distributions. Technical Report #1/2001.
Concordia University, Montreal, Canada, 2001. V. 2. Pp. 669-687.

39. Dimitrov B., Chukova S., Chakravarthy S. A simple unreli-
able service model characterizes exponential distribution // Kuwait
Journal of Sciences. 2001. Vol. 28. No. 2. Pp. 203-212.

40. Dimitrov B., Chukova S., Vogt H. A Class of Symmetric
Probability Distributions Similar to the Double Exponential //
Engineering Simulations. 2002. Vol. 19. No. 4. Pp. 467-485.

41. Dimitrov B., Khalil Z., Rykov V. et al. Likelihood Ratio Test
for Almost-Lack-of-Memory Distributions / In: Applied Statisti-
cal Science 1V, Ed. by M. Ahsanullah, J. P. Dion. Nova Science
Publishers, Inc., 2002. Pp. 1-18.

42. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2003. Pp. 241-254.

43. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2003. Pp. 78-94.

44. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World

Scientific, 2004. Pp. 241-254.

45. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2004. Pp. 78-94.

46. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2005. Pp. 241-254.

47. Dimitrov B., Chukova S., and Khalil Z. Probability Distri-
butions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2005. Pp. 78-94.

48. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2006. Pp. 241-254.

49. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2006. Pp. 78-94.

50. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2007. Pp. 241-254.

51. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2007. Pp. 78-94.

52. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2008. Pp. 241-254.

53. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2008. Pp. 78-94.

54. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2009. Pp. 241-254.

55. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2009. Pp. 78-94.

56. Dimitrov B., Chukova S., and Khalil Z. Warranty Cost
Analysis with Intermittent Usage / In: Mathematical and Statistical
Methods in Reliability, Ed. by B. H. Lindquist and K. A. Doksum.
Series on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2010. Pp. 241-254.

57. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2010. Pp. 78-94.

58. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2011. Pp. 241-254.

59. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2011. Pp. 78-94.

43



HALOEXXHOCTb, TOM 26, N22, 2026. CHCTEMHbIA AHANIN3, YINPABJIEHUE U OBPABOTKA UHOOPMALIUU, CTATUCTUKA

60. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7, World
Scientific, 2012. Pp. 241-254.

61. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2012. Pp. 78-94.

62. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2013. Pp. 241-254.

63. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2013. Pp. 78-94.

64. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2014. Pp. 241-254.

65. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2014. Pp. 78-94.

66. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2015. Pp. 241-254.

67. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2015. Pp. 78-94.

68. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2016. Pp. 241-254.

69. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2016. Pp. 78-94.

70. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2017. Pp. 241-254.

71. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2017. Pp. 78-94.

72. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2018. Pp. 241-254.

73. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2018. Pp. 78-94.

74. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2019. Pp. 241-254.

44

75. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2019. Pp. 78-94.

76. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2020. Pp. 241-254.

77. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2020. Pp. 78-94.

78. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2021. Pp. 241-254.

79. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2021. Pp. 78-94.

80. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2022. Pp. 241-254.

81. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2022. Pp. 78-94.

82. Dimitrov B., Chukova S., Khalil Z. Warranty Cost Analysis
with Intermittent Usage / In: Mathematical and Statistical Methods
in Reliability, Ed. by B. H. Lindquist and K. A. Doksum. Series
on Quality, Reliability and Engineering Statistics, v. 7. World
Scientific, 2023. Pp. 241-254.

83. Dimitrov B., Chukova S., Khalil Z. Probability Distribu-
tions in Periodic Random Environment and their Applications /
In: Recent Advances in Statistical Methods, Ed. by Y. P. Chaubey.
Imperial College Press, 2023. Pp. 78-94.

CeepeHunsa 06 aBTOpe

Bosin laumutpoB, 1-p ¢hus.-Mar. Hayk, npodeccop 1o Te-
OpHHU BEPOSITHOCTEN U MaTEMaTHUECKOM CTaTUCTUKE, JOLEHT
Kadeapbl MaTeMaTUKH (TEOpHs BEPOSITHOCTEW U MaT. CTaTH-
cTuka), IrxeHepHo-ynpasneH4yeckuiit uHCTUTYT GMI (HBIHE
VYuusepcurer Kerrepunra), e-mail: dimitrob@gmail.com,
ten.: +1 (810) 344-9628

About the author

Boyan Dimitrov, Dr. of Math. Sci., Professor of Prob-
ability and Statistics, Associate Professor of Mathematics
(Probability and Statistics), GMI Engineering and Manage-
ment Inst. (now Kettering), e-mail: dimitrob@gmail.com,
tel.: +1 (810) 344-9628

Bknap aBTOpa

ITocraHoBKa 3a1a4y ¥ UCCIEIOBAHNS OBUTH BBIITOJTHEHEI
aBTOPOM CaMOCTOSITENILHO.

KoH)nuKT nitepecos

ABTOD 3asBIsIET 00 OTCYTCTBHU KOH(IUKTa HHTEPECOB.



