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Abstract. Aim. To modify the classical method [1, 4] that causes incorrect estimation of the
required size of SPTA in cases when the replacement rate of failed parts is comparable to the
SPTA replenishment rate. The modification is based on the model of SPTA target level replen-
ishment. The model considers two situations: with and without the capability to correct requests
in case of required increase of the size of replenishment. The paper also aims to compare the
conventional and adjusted solution and to develop recommendations for the practical applica-
tion of the method of SPTA target level replenishment. Methods. Markovian models [2, 3, 5]
are used for describing the system. The flows of events are simple. The final probabilities were
obtained using the Kolmogorov equation. The Kolmogorov system of equations has a stationary
solution. Classical methods of the probability theory and mathematical theory of dependability
[6] were used. Conclusions. The paper improves upon the known method of estimating the
required size of the SPTA with a safety stock. The paper theoretically substantiates the depend-
ence of the rate of backward transitions on the graph state index. It is shown that in situations
when the application is not adjusted, the rates of backward transitions from states in which
the SPTA safety stock has been reached and exceeded should gradually increase as the stock
continues to decrease. The multiplier will have a power-law dependence on the transition rate
index. It was theoretically and experimentally proven that the classical method causes SPTA
overestimation. Constraint (3) was theoretically derived, under which the problem is solved suf-
ficiently simply using the classical methods. It was shown that if constraint (3) is not observed,
mathematically, the value of the backward transition rate becomes uncertain. In this case, cor-
rect problem definition results in graphs with a linearly increasing number of states, thus, by
default, the problem falls into the category of labour-intensive. If the limits are not observed,
a simplifying assumption is made, under which a stationary solution of the problem has been
obtained. It is shown that, under that assumption, the solution of the problem is conservative.
It was shown that, if the application is adjusted, the rate of backward transition from the same
states should gradually decrease as the stock diminishes. The multiplier will have a hyperbolic
dependence on the transition rate index. This dependence results in a conservative solution of
the problem of replenishment of SPTA with application adjustment. The paper defines the ratio
that regulates the degree of conservatism. It is theoretically and experimentally proven that
in such case the classical method causes SPTA underestimation. A stationary solution of the
problem of SPTA replenishment with application adjustment has been obtained. In both cases
of application adjustment reporting, a criterion has been formulated for SPTA replenishment to
a specified level. A comparative analysis of the methods was carried out.
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Introduction

The sufficiency indicator (SI) is the primary quantitative
characteristic of SPTA stock. The proposed methods for es-
timating the size of SPTA usually assume that SI is defined
in the performance specifications (PS) for the development
of a product or SPTA Kkit.

An estimate of a stock type is understood as the identifica-
tion of the required size of SPTA, under which the required
SI value is attained. The stock estimation of an SPTA kit
consists of the estimates of each individual stock type.

There are several strategies of SPTA replenishment:

— scheduled replenishment (SR). In case of SR, the
SPTA replenishment period 7, is defined, after which
the stock is replenished to the initial level. If the stock
is exhausted before that moment and another failure oc-
curs, the system goes into an inoperable state until the
next replenishment;

— scheduled replenishment with emergency deliveries
(RED). For the case of RED, the period 7}, is also defined. At
the same time, upon the SPTA exhaustion and after another
failure, an early (emergency) delivery of spare parts (SP)
is organized for the purpose of replacing the failed module
and replenishing the stock to the initial level;

— continuous replenishment (CR). In case of CR, a stock
replenishment request is generated and submitted for execu-
tion after each failure and use of each SP. SPTA replenish-
ment may be interpreted as repairs of a failed SP, that after
a 100% recovery is added to the SPTA;

— replenishment to the specified level (RL). In case of
RL, a stock replenishment application is generated after
the stock has reduced to the specified level, including zero,
even before the next failure occurs. An application is always
generated when the system is operational. That is the differ-
ence between RL and RED. This strategy is examined and
modified in this paper.

The required size of SPTA is normally estimated using
Markovian analysis according to GOST R 51901.15.

The assumptions of the Markovian analysis regarding the
probability of transition can be defined as follows:

— state transitions are statistically independent events;

— failure rate A and recovery rate p are constant;

— the probabilities of transition from one state to another
within a small period of time At (At is little) are defined by
the values AA¢ and/or pAt;

— the conditions and mode of operation of all same-type
modules are assumed to be identical.

Let us examine the following mathematical model that
allows calculating the required SPTA size under condition

that a certain critical level m of safety stock is reached [1, 4].
The replacement process with no repair of failed components
corresponds to the random death and birth process that is
described by the following state graph (Fig. 1). The system
state graph has k + 2 states.

Let us introduce the following designations:

n is the number of same-type elements in the system;

k is the planned SPTA size;

m is the level of safety stock, that, when reached, causes
the next SPTA replenishment to the planned value k (1<m<k);

A is the failure rate of one element;

u=1/T}, is the rate of scheduled SPTA replenishment;

T, is the average time of SP delivery from the moment
the replenishment application is generated.

On the graph, the numbers 0, 1, 2, ..., k show the operable
states corresponding to the expended share of the SPTA.
State k + 1 indicates that the SPTA has been exhausted. The
arrows represent transitions from one state to another. Above
the arrows are the corresponding transition rates.

Case 1. The application is not adjusted

First, let us assume that the delivery application is not
adjusted (see Fig. 1) if further failures occur prior to the
delivery of the SP. Let us identify the transition rates for
cases when the SP replenishment application has been sent
and additional failures have occurred.

Obviously, y,=1. The time of transition from state k—m-+1
to state 1 will be less than 7, as the SP replenishment appli-
cation was previously submitted in state k&—m. The proportion
of the average transition time from state k&—m+1 to state 1
relative to the total average time of consecutive transition

1/p
1/ p+1/nh
. Thus, the average time of transmon from state k—m+1to

1/p)

I/p+1/nk

from state k—m to state k—m+1, then to state 1 is

state 1 will be equal to ————— and its rate, respectively,

equal to (1+ p)p, where p = % Le., the multiplier y,=1+p
n

(see Fig. 1).

Let us summarize. Let us examine a transition from state
k—mj to state j. The transition is possible if the random time
n of SPTA replenishment application completion turned out
to be longer than the & +...+&; = o total operation time.
The average transition time (in terms of mathematical ex-
pectation) will be defined by the following integral:

E[(n—cj)l{n > cs,.}}=Tfﬁ](x)f(y—x)fn (v)dydx, (1)

O -0 -

Fig. 1. Transition graph of the death and bu‘ch process
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k-m m+1
nA nA n)\n)\n)\nA
AN ? " AN

Fig. 2. Transition graph with uncertain transition rate

1,if A is true
0,if A4 is false
is the indicator function, fo/ (x) is the distribution density
of the total operation time, £, (y)is the distribution density
of application execution time. As &,,...,§; are independ-
ent, identically distributed random Values that follow an
exponential distribution with the rate of nA, then the total
operation time will have gamma distribution with the rate
of ni and shape variable j. By substituting the exponential
probability density function with the rate of j into (1) as
I ( y), after some simple transformations, the following
result is obtained:

el )r oo -1 )

Therefore, coefficients v, (see Fig. 1) will be equal to:

where EJ ] is the expectation operator, / {A} = {

Y, =(l+p)" ,where p = un?»' (2)

The rate of transition from state k—m+; into state j will
be v, 1.

The process of death and birth can be described with a
Kolmogorov system of equations. A number of situations
is possible involving various numbers of incoming and
outgoing transitions.

First, let us introduce a supplementary condition:

f>2m+ 1. 3)

This restriction is to prevent uncertainty in the transition
rates (see Fig. 2). Input data: k=5, m=3. On the one hand,
the rate of transition from state 3 to state 1 should be y,p if
the system has transitioned from state 2 to state 3. On the
other hand, if the system has transitioned from state 5 into
state 3 and the SPTA was replenished as a result, the rate
should be y,u. The similar uncertainty characterizes the
rate of transition from state 4 to state 2. It is either y,u or
voi. The constraint (3) arises from the solution of inequal-
ity k—=m>m+1, a condition under which no uncertainty arises
(see Fig. 2).

In total, there may be five cases.

1. k>2m+3,

By (t)=—nhFy (1) +YmB_, (1):

B (t)=nhP_, (t)=n\B (()+Y uA_,, ()1<i<m+1;

P (t)=n\P_ (t)-nhP(t),m+2<i<k-m-1

P (t)— P, (t)=(nh+Y )P () k—m<i<k;
B (t) nhF, (t) Yot (t)

2. k=2m+2,

By (t)==nhF, (t)+v P, (t):
B (t)=nhP_ (t)=nhB (0)+Y ph_,., ()1 Si<m+1;

P, (Z)— AP, (t)=(nh+Y )P (). m+2<i<k;
k+1 (t) n)\’Pk (’)_YmHM k+1 (t)

3. k=2m+1,

By (t)==nhF, (1) +v P, (t):

P (t)=n\P_ (t1)-nAP (t)+y ub_,,, ()1<i<m;

P (1)=nAP_ (t)= (nh+v,0)B () +Y 0P, (t).i=m+1
P (t)= AP, (t)=(nh+Y )P (). m+2<i<k;

k+l (t) n}\’})k (t)_y m+l!‘l k+1 (t)

4. m+2<k<2m,
By (t)=—nAB, (t)+Y 1P, (1);
B (t)=nhF, ()= nhE () +Y By
P (t)=n\P_ (1)- (nk +y0u)B )+
Y ezt l B () k-m<i<m+1;
P (l)z nhP_ (t)- (nk +Y )P (1), m+2<i<k;
B (t) nA\F, (t) Y ke Bri (t)

(O)1<i<k-m-1

5. k=m+1,

By (6)=—nhE, (6)+Y uF, (0);

B ()= mhP_ (1)~ (nh+Y )P (0)+Y P, (1)1 S i S

P' (t)=nAP_(t)—(nh +y )P () +Y uB_,,. (£),i =m+1;
k+1 (t) n}\’})k (t)_y IJ' k+1 (t)

Let us search for a stationary solution. For that purpose,
let us assume the derivatives on the left sides of the equa-
k+1
tions equal 0 and apply the normalization condition: ZP, =1
0

1. ki>2m+3,

R=ph_;

P, =P-y,pP_,. 1<i<m+];
P =P m+2<i<k-m-1

P = (1+y, k+mp)P,k—mSsz;
B =Y nuPF-
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2. k=2m+2,

R, =ph_,;

P,=P-ypP_ . 1<i<m+l;
P=0+Y, ,p)P.m+2<i<k;
Pk :Ym+1pP/(+l'

3. k=2m+1,

B, =ph_,;

R]_P YPP m+,nlSi<m;

P =(14p)P~Y,pP_,...i=m+1;
P, = (l+ylk+mp)P,m+2SiSk;
Pk _Ym+lp})/c+l'

4. m+2<k<2m,

Fy =ph_.;

Bl P pP m+1’1<i<k—m_l.
Pl 1 (1+p)P Y(k 2m— l+1)v()p k- m+l’k m<l<m+1
P=(+Y,_,.p)P.m+2<i<k
B{ =Yk—mpB(+l'

5. k=m+1,

Po =ph;

—(1+p)P—pP.H,1<iSm;
P (1+p) m+1 Ylp m+27l_m+1;
m+l Y]p m+2°

Next, for the first case, let us express the obtained recur-
sions and the final solution. For convenience, let us denote

P=4=%x

k>2m+3. The solution is found “from top to bottom”.

O

§ ROMC
@/ an—(3,0)

B =9,.pF.0

Py=v,.0P. [1 (+v,p)k-m<i<k

JEm=k+i

P, =P,m+2<i<k-m-1.
Therefore,

P

m+1

=P

m+2 =

~=Pk-m 1 =Y P k+lH(1+y P) k+l’
where 4, = YWIPﬁ (1 + V,-P)'
=0

General formula

F =(Am _Ym+1pH (1+’Yjp))f;c+l’0< i<m=1
j=i+l
Additionally,

Pm = (A Ym+lp) k+1°

After applying the normalization condition, we will
obtain the following result
1
(k—m)Am +l=—
k+1
The second and third situations cause similar conclusions.
Thus, under restriction (3), the probability of SPTA failure
will be defined by the expression:

1 m
B = Tr(e—m)a,’ = Ymﬂpg(l*'vjp)- “4)

Now, let us drop the condition (3), i.e., let us examine
cases 4 and 5 and implement the accurate model of SP sup-
ply using a Markovian graph (Fig. 3). The graph, due to the
awkwardness that increases as k grows, is represented for
the special case k=3, m=2.

First, let us consider case 4. In order to avoid uncertainty
in the rate of recurrent transitions, additional states have
been introduced into SPTA replenishment: (2.0), (2.1),
(3.0), (3.1), (3.2), .... The first number is the number of
SP taken from the SPTA, the second one is the number of
failures that occurred since the submission of the replen-

where 4,

a1 (2,0) 1su—(3,0)

nA

nA

10

Fig. 3. System transition graph in case of k<2m
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ishment application. For example, (2.0) means that there
have been two failures (and 2 replacements, respectively)
and there are no unfilled applications, and it is time to
send a new SPTA k—m=1 replenishment application. (3.1)
means that there have been three failures (3 replacements,
respectively), there is an unsatisfied application submitted
in a situation where two SPs from the SPTA have been
used and it is time to send a new SP k—m=1 replenishment
application. (3.2) means that there have been three failures
(3 replacements, respectively), there is an unsatisfied ap-
plication submitted in a situation where another SP from
the SPTA has been used and it is time to send a new SP
k—m=1 replenishment application.

Finding an accurate analytical solution in the general case
is a time-consuming task.

Therefore, we will solve its simplified version, assuming
that in case of uncertainty the multiplier takes the minimal
possible values, i.e., v,.

Yi = min ('Yoa"/i,j ) =% = L )

That assumption leads to a conservative estimate of the
required SPTA size, since in the simplified version the rate
of recurrent transitions into “improved” states decreases, the
response to applications slows down. As before, we will find
stationary solutions using the same notations

F,=pb_,;
P

=P —-pP_, . 1<i<k-m-1;
b= (1 + p)PI _Y(k—Zm—l+i)v0p])l(—m+i7k_m Sism+l
P, =(0+y,,.p)P.m+2<i<k

})k = Yk—mp})lc+l‘

—m+i?

The solution of system (6) in an explicit form is quite
cumbersome. In order to solve the problem numerically, it
is suggested using a replacement-based algorithm

P=aP._,i=01..k+l (7

+1°
Coefficients g, will be defined by a “backward” recursion:

a, =1

A = Y-mPs

a_, =(+y_,p)a.m+2<i<k

a., =(+p)a, - Y (2motripoP s K =M < i <m+ 1

a_,=a,-pa,_,.,1<i<k-m-1.

In (6) and (8), for the purpose of reduction, symbol V is
used that means a v b = max (a,b). The probability of SPTA
shortage will equal

Ba= (kﬁia’)_ : ©)

Let us consider the fifth case: k~=m+1.
From the first two equations we obtain a recurrence
equation:
P =pP,i=1,....m+1.

- i

By using the latter equation, we deduce:

P=yp"?*'P ,,i=0,.,m+l.

m+2°

Out of the normalization condition, if p # 1, we obtain:

l-p l-p
= m+ = m+3 " (10)
MU l—ptyp-vp 1+p = (1+p)p""
If p =1, we obtain:
1 1
(11)

P, = = .
HUo1+2(m+2) 2m+s

Case 2. The application is adjusted

Now, let us assume that the delivery application is ad-
justed in a situation when further failures have occurred
before the delivery of an SP kit (Fig. 4).

In this case, the transition rate multipliers will also be non-
constant, as additional time will be required for the replenish-
ment per the previous application. Let us suppose that it takes
an average time of T to consolidate an SPTA kit in a ware-
house, while the delivery to the destination takes . Then,
the transition from state k—m into state 0 will on average
take mt+ m. The transition from state k~—m+1 to state 1 will
on average take (m + l)r + m. In general, the transition from
state k—m-+j into state j will on average take (m+ j)t+.
Additionally, j =0,1,...,m+1. As before, y, = 1. Then,

. mt+m
B (m+j)r+7t'

(12)

Y,
If the times t and © are unknown, we can use the

estimate

mitn o om
(m+j)‘c+7t T m+

Fig. 4. System transition graph with adjustment of SPTA application
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If we assume that

¥, =—, (13)
m+]

then the recurrent transition rates will be underestimated
and the required SPTA size will be overestimated, i.e., con-
servative. The degree of conservatism will be defined by
formula n/z. If (n/1)>1, the delivery time is longer than the
time of SPTA kit consolidation, the result will be strongly
conservative, and an adequate result should be obtained
using the classical method of computation. If (n/1)<l, the
delivery time is shorter than the time of single SPTA kit
consolidation, the result will be mildly conservative, the
error caused by the application of (13) instead of (12) will
be small. In any case, if 7/t is known, (12) is preferable.

The following system of differential equations corre-
sponds to the graph shown in Fig. 4.

m+1
B ()= —nhB ()t u Yy By (1)
i=0
P (t)=n\P_ (t)-nm\P(t)1<i<k-m-1;
P (t)=n\P_ (1)~ (" +Y, )P (1) k—m<i<k;
By ()= nhB (0)= P (0). (14)

As we did before, let us seek a stationary solution “from
top to bottom”.

Pk = Ym+1p1)1c+l;

m

B =v7,.0F _ H (1+Yjp)7k_m <i<k;

Therefore,

R=P=..=F_, = Ym+lpEc+lH(1 + 'Yjp)= A,F -
=0

The probability of the original state is defined by the sum

m+1 m-l m
R=pX¥,B ., =Ym+1p1’k+{l 1,0+ 2rp[[(1+7v,0) |

i=0 =0 j=itl

After applying the normalization condition, we will
obtain the following result

m m 1
Vb DLT(+7,0)+ (k=m) 4, +v,,0+1=——,
i=l j=i k+1

from which the probability of SPTA shortage will be
defined by the formula:

1
P =
U (k-m)4, +y,.p+1+B,’

where 4 = ymﬂplﬂ[ (1 + “{jp), B, = ’Ym+lpiﬁ (1 + Yjp).
=0

i=1 j=i

(15)

18

As before, we select & so that probability (15) is less than
a certain number €. Finally, we obtain the following criteria
for the assessment of the required stock:
1-¢
T - Ym+lp - Bm
k22— +m,
A

m

(16)

where 4, = y,,,ﬂpﬁ (1+ “{,-P)~

=0

Comparative analysis of the
obtained results

Let us compare the estimates of the required SPTA size
obtained using the classical method with constant rates of
recurrent states and the new method taking into account the
adjustments y,i=1,2,...m+1.

Table 1. Estimation of the required size of SPTA.
p = 1. The application is not adjusted

€
Method 0.1 0.05 0.01
Classical 4 6 26
New 3 3 6

Table 2. Estimation of the required size of SPTA.
p = 1. The request is adjusted

€
Method 0.1 0.05 0.01
Classical 3 5 25
New 10 20 100

Table 3. Estimation of the required size of SPTA
p = 2. The application is not adjusted

€
Method 0.1 0.05 0.01
Classical 2 3 7
New 2 2 3

Table 4. Estimation of the required size of SPTA
p = 2. The request is adjusted

&
Method 0.1 0.05 0.01
Classical 2 2 7
New 3 6 26

Table 5. Estimation of the required size of SPTA
p = 5. The application is not adjusted

&
Method 0.1 0.05 0.01
Classical 2 2 2
New 2 2 2
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Table 6. Estimation of the required size of SPTA
p = 5. The request is adjusted

€
Method 0.1 0.05 0.01
Classical 1 1 2
New 2 2 4

Tables 1 to 6 show the calculated required SPTA size
under various values of p = % and probabilities of SPTA
n

shortage €. m=1 is taken as the safety stock.

Having analysed the calculation results, we can note that,
first, previous conclusions on the overestimation or underes-
timation of the size of SPTA proved to be correct. Second,
the amendments proposed in the paper should be taken into
account if p<5, i.e., when the value of SPTA replenishment
rate 1 is comparable to the total failure rate . In this situ-
ation, a tangible economic effect can actually be obtained
if the application is not adjusted. In the same case, if the
application is adjusted, a conservative, yet correct, estimate
of the required size of SPTA can be obtained.

On the other hand, it should be noted that the paper
examined and investigated the solution of a stationary
problem, that will probably significantly differ from the
solution of the original non-stationary problem in cases of
relatively short calculation time. The authors will dedicate
further research activities to the computational solution of
a non-stationary problem.

Conclusion

The paper improved the method of estimating the
required size of an SPTA with a safety stock. The ap-
plication results of the adjusted and classical estimates
were analysed. It was revealed that the most pronounced
effect from the application of the adjusted estimate will be
observed if the failure rates are comparable to the SPTA
replenishment rates.
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