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Functional dependency between the number  
of wagons derailed due to wagon or track defects  
and the traffic factors1
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Aim. Rolling stock derailment is one of the most hazardous transportation incidents. Depending 
on the gravity of the consequences they may also be classified as accidents or train wrecks. 
The consequences of a derailment may vary from routine maintenance of the track and one 
or two wagons to an overhaul of the track and depot repairs of three or more wagons, as well 
as loss of cargo and long interruption of service. It must be noted that beside the damage to 
infrastructure and rolling stock caused by derailments there is a risk of environmental disaster. 
The Russian Federation along with the US, China and India has some of the world’s longest rail 
networks that in places border with environmentally sensitive areas, e.g. national reserves and 
parks. Therefore, if a train carries hazardous cargo, e.g. gasoline or toxic gases and some of 
its wagons derailed, the harm related to the repair or decommissioning of rolling stock, track 
and possible loss of cargo may be aggravated by the damage caused by an environmental 
disaster that would cause great material losses to JSC RZD. In this context it appears to be 
of relevance to evaluate the functional dependency between the potential number of cars de-
railed and various factors, e.g. speed or amount of cargo carried by the train, for subsequent 
preparation of recommendations for the reduction of the potential number of derailed cars 
and, subsequently, reduction of possible harm. Methods. Probability theory and mathematical 
statistics methods were used, i.e. maximum likelihood method, negative binomial regression. 
Results.For various groups of incidents, i.e. derailment as the result of wagon or locomo-
tive unit malfunction out of switch, derailment as the result of rail malfunction out of switch, 
derailment at a switch not caused by previous derailment, specific functions of the average 
number of derailed wagons are identified. The paper shows a formula that allows – under a 
defined set of various factors, e.g. train speed, plan and profile of track, length and mass of 
the train – identifying the distribution series of the number of derailed wagons. Conclusions.
The preliminary analysis of available Russian freight train derailment records it was shown that 
for various groups of transportation incidents the descriptive statistics of respective samples 
significantly differ, which is also the case for the US records. The construction of a functional 
dependence between the average number of derailed wagons and various traffic factors due 
to malfunction of wagons or locomotive units out of switches, it was identified that the available 
records do not suffice to forecast the number of derailed wagons in tangents. Mathematical 
models with a low superdispersion parameter were constructed for derailments due to track 
malfunction out of switches and derailments at switches.

Keywords: derailment, train wreck, traffic factors, maximum likelihood method, negative bi-
nomial regression.
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1. Introduction

The analysis of the factors that cause the most severe 
consequences of wagon derailments in train operations is 
based on the research of transportation incident records. 
For the period between 2013 and 2016 there are 262 
records of derailment of freight wagons and passenger 
cars that occurred in the Russian Federation, not count-
ing the records of transportation incidents classified as 
train wrecks. In the context of the railways of the US and 
India mentioned above out of [1, 2] follows that 2493 
derailments occurred in the US in 2015 and 2016, while 
in India during the 2010-2011 and 2014-2015 periods 
293 derailment took place, data for China is classified. It 
appears to be logical to use US records for the purpose of 
analysis, as it was done, for example, in the evaluation of 
damage caused by transportation incidents in [3], or In-
dian records. However, while the records of transportation 
incidents in the US and Russia are practically identical, 
differences exist. Russian records contain information 
on the presence or absence of switch at the location of 
derailment, plan and profile of track. We believe those 
factors bear upon not only the derailment itself, but the 
gravity of the consequences as well. There is no publicly 
available detailed information on the transportation in-
cidents in India. Therefore American or Indian records 
cannot be used and the analysis will be based on Russian 
data only.

While researching the numbers of derailed wagons a 
confidence interval can be constructed for the potential 
number of derailed wagons of the distribution law of the 
number of derailed wagons can be deduced. However, those 
characteristics will be insufficient, as they will be identical 
for trains of both 3 wagons and 63 wagons. Therefore, the 
functional dependence between the number of derailed 
wagons and various factors must be identified. In [4], 
among the factors that have an effect on the consequences 
of derailments, the following ones are set forth: speed at 
the moment of derailment, remaining length (total number 
of wagons starting from the first derailed one), presence 
of additional locomotives in the middle/tail, proportion of 
loaded wagons. However, information of the curve radius 
and presence of gradient at the location of derailment was 
not taken into consideration. In [5] the level of derailment 
(level of hazard) was evaluated that depends on the class 
of track, tonnage handled, presence of signalling systems 
(e.g. train detection). The resulting dependence is integral 
in its nature and does not enable the reduction of the risk 
of derailment for individual trains. In [6] a similar task was 
researched that was related to finding the functional depend-
ence between the probability of derailment and length of 
the train, number of kilometers travelled and class of track. 
However, the track geometry was not taken into consid-
eration either. In this context the dependences proposed 
in [4-6] must be specified and clarified subject to the task 
under consideration in order to enable the development of 
practical recommendations.

The examination of Russian wagon derailment records 
has shown that some of them are not completely filled, i.e. 
there is the problem of missed data. Some values are missed 
both for the speed at the moment of derailment and the 
number of wagons in the trainset. As it is very difficult to 
recover those parameters, these observations were excluded 
from further analysis. Besides that, some derailments oc-
curred not due to technical causes (track condition, bogie 
condition), but rather weather conditions or human factor 
that cannot be expressed in the nominal scale, hence such 
observations were not considered either. Consequently, vari-
ous functional dependences in this paper were constructed 
based on 172 observations. Samples with and without missed 
data were compared as well.

2. Preliminary data analysis

First, let us construct a frequency diagram and find the 
descriptive statistics of the number of derailed cars.

Figure 1. Frequency diagram and descriptive statistics  
of the number of derailed cars in case of freight train  

derailments and crashes

As we can see in figure 1, in most cases one wagon derails, 
while the average number of derailed wagons is about 4, 
while MSD is about 1.5 of the sample average. Therefore, 
it is important to find the functional dependence between 
the number of derailed wagons and the values of associated 
factors in order to reduce the severity of the consequences 
of derailments.

The descriptive statistics of the number of derailed wag-
ons differ depending on the cause of derailment and the pres-
ence or absence of switch at the location of derailment.

So further analysis will be made for the three groups of 
accidents individually: derailment as the result of wagon 
or locomotive unit malfunction out of switch, derailment 
as the result of rail malfunction out of switch, derailment 
on a switch not caused by previous derailment due to track 
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or wagon/locomotive unit malfunction. Note that within 
the time period under consideration 4 derailments occurred 
on switches as the result of a derailed wagon caused other 
wagons to derail after hitting the switch. These cases are 
classified separately, because derailed units do not always 
cause further derailments due to contact with s switch.

3. Primary designations

In the j-th group of incidents out of nj transportation 
incident records involving freight train wagons derail-
ment during train operation let us examine a certain i-th 
record. Let 

cij be the total number of derailed units of rolling stock 
(locomotive sections and wagons); 

kij bethe counting number of the unit (from the head of 
the train) that was the first to derail;

vij be the speed of the train at the moment of derailment, 
km/h; 

lij be the number of wagons in the train; 
 be the total number of locomotive units in the train; 

wij be the weight of the train, t; 
æij be the rate of curve (value inversely proportional to 

the curve radius) at the place of derailment (for tangents the 
rate of curve is taken to be equal to zero); 

γij be the track profile at the place of derailment measured 
in promille having the minus sign if the gradient is downward 
and plus sign if the gradient is upward.

Let us also introduce an auxiliary variable cmax=lL+l–
k+1, that is the realization of certain random value 
Cmax=lL+l–K+1, where K is the random value that charac-
terizes the number of the first derailed unit. Further, we 
will call random value Cmax the remaining length of the 
train. Note that there is a statistical relation between the 
number of the derailed wagons and the remaining length 
of the train [4, 7-8]. Let us introduce another auxiliary 
variable (function)  that characterizes the loading 
factor (per [4]) of the train that depends on the train 
weight w and the number l of the transported wagons that 
is calculated using formula 

  (1)

where π1 and π2 are unknown parameters. Consequently, 
the closer the function  is to zero, the higher is the 
number of empty wagons in the trainset. And vice versa, 
the closer the function  is to one, the lower is the 
number of empty and higher is the number of loaded 

Figure 2. Frequency diagram and descriptive statistics of the number of derailed wagons in case of freight train derailments  
out of switches caused by wagon or locomotive unit (left) malfunction and track malfunction (right)

Figure 3. Frequency diagram and descriptive statistics  
of the number of derailed cars in case of freight train derail-
ments at switches not caused by previous derailments, due  

to track or wagons/locomotive units malfunction
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wagons in the trainset. As the tare of a four-axle wagon is 
about 23 tons and the carrying capacity is around 69 tons, 
the coefficients π1 and π2 can be found by solving a system 
of linear equations

  (2)

By solving system (2) we obtain π1=1/69, π2=–1/3. By 
substituting the obtained π1 and π2 into (1) we obtain 

By setting  we will obtain the train’s weight 
ratio at the i-th derailment in the j-th group of incidents. 
Note that in the US incident records the number of loaded 
wagons is given explicitly, while in the Russian records there 
is not such characteristic, hence the ratio of loaded-to-total 
number of wagons has to be estimated.

In some records one or another characteristic may be 
missing or given inexplicitly which causes the problem of 
missed data. The missed values are often averaged out of 
the available ones, but in the context of the task at hand this 
approach cannot be used, as each transportation incident is 
unique and their number is not large. For that reason for 
each group of incidents we will further compare samples 
with missed values and complete sets of required charac-
teristics.

4. Problem definition and method 
of solution

Let us examine the j-th group of transportation incidents, 
the total number of which within the period under considera-
tion is nj. Let Cj be a random value that characterizes the 
number of wagons and locomotive units that will derail as 
part of a group of incidents. As a derailment will inevitably 
involve not less than one unit of rolling stock, the following 
equality has place 

where  is an auxiliary non-negative random value, of 
which the distribution law we will estimate later that has 
values in the set Z+. Note that the distribution series of 
random values Cj and  depend on the set of parameters 

 and the realization cmax of random value Cmax, 
while the realizations  of random value  can be obtained 
from formula .

As random value  is discrete, we cannot use the 
linear regression tools in the evaluation of the functional 
dependence between this random value and parameters 

. Ordinal regression is partially similar 
to linear regression for an integral-valued dependent vari-
able, yet in our case it cannot be used either, as not for all 
numbers out of the range of sample realization values there 
are derailments with identical numbers of derailed wagons. 

Quantile regression [9] is another method of finding the 
desired dependence. However, due to the small number of 
observations at the level of dependability of, for example, 
α=0,999 and with 40 observations quantile regression does 
not appear to be usable. For that reason we will use the 
maximum likelihood method and negative binomial regres-
sion, namely we will assume conditional distribution  to 
be common-negative binomial distribution with parameters 
rj 

and pj. 
Let us recall the formulas for negative binomial regression 

for the case under consideration [10-11]

 

 (3)

Let 

 
 (4)

  (5)

where
 

 is a 
function that is normally the exponential transformation 
of the linear function based on the parameters of function 

 to be defined; parameter θj > 0 characterizes 
the superdispersion and is also to be defined.

By substituting (4) – (5) into (3) and introducing for con-

venience the additional designation ,  
we obtain 

Thus 

Let us construct the log-likelihood function 
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Let us set the problem of finding the unknown vector aj 
and parameter θj

 (6)

Note that the quality of the constructed model (se-
lection of function fj(⋅)) is characterized by not only 
the optimal value of the log-likelihood function 

, but the value of 
parameter  as well. The closerparameter  is to zero, the 
better is the constructed model, as the dispersion of random 
value  is linear in parameter θ.

5. Solution of the problem

First, let us describe the general principles of selection of 
functions fj(⋅). According to [9] functions should be selected 
with exponentials of a certain function linear in the evaluated 
regression parameter. According to [4] the selected factors 
that accompany a transportation incident are the logarithms 
of movement speed and remaining train length, loading factor, 
as well as their various combinations. Now let us consider 
each group of transportation incident individually.

5.1. Derailment due to wagon or locomotive 
unit malfunction out of switch

For this group of traffic incidents let us select function 
f1(⋅) as follows 

where χA is the characteristic (indicator) function of a 
certain event A i.e. 

Let us comment the choice of function f1(⋅). The func-
tion splits into two summands: the first one characterizes 
the gravity of consequences of derailment in curves ( ), 
while the second characterizes the gravity of consequences 
of derailment in tangents ( ).

In the part related to the derailments in curves three 
groups of summands can be identified: the first group 
contains the summands with parameters a11 and a21 that are 
invariant by the train load, the second group contains the 
summands with parameters a31, a41, a51 of which the effect 
increases with the reduction of train load, the third group 
contains the summands with parameters a61, a71 of which the 
effect increases with the growth of train load. The severity 
of the consequences for loaded trains is increased by the 
presence of upward gradient, while for empty trains it is 
increased by not only the presence, but also the degree of 
downward gradient. The common trait of all the groups of 
summands is the fact that almost every summand there is 
either a logarithm of movement speed, or a logarithm of 
maximum number of derailed wagons, or sometimes their 
product. That is due to the fact that as the speed and maxi-
mum number of derailed wagons grows, a higher number 
of wagons are supposed to derail. 

In the part related to derailments in tangents the summand 
with parameter a91 is not zero in case of movement along 
downward gradients, the summand with parameter a101 
is not zero in case of movement along upward gradients. 
Derailments with serious consequences (more than 15 de-
railed wagons) happened not in steep downward or upward 
gradients, hence only the presence of a gradient rather than 
its degree is used.

By solving problem (6) we obtain the following estimates 
of maximum likelihood a*

11, a
*
21, …, a*

101, θ
*
1.

Note that in case of upward gradient in curves all the 
summands except the constant in function f1(⋅) are non-
negative under the obtained values of parameters a*

21, …, 
a*

101. Therefore, any increase of parameters  
causes a higher average number of derailed wagons, which 
corresponds with the physics of derailment. In case of down-
ward gradient in curves there is a non-positive summand 
with parameter a*

61. That is, among other things, due to the 
fact that in case of low train load  the sample 
average number of derailed trains was 4.54 wagons, while 
the sample average was 1.38 wagons in case of . 
This assumption is confirmed by the suggested model as

Table 1. Estimation of maximum likelihood a*
11, a*

21, …, a*
101, θ*

1 based on sample with derailments in curves 
and tangents

a*
11 a*

21 a*
31 a*

41 a*
51 a*

61 a*
71 a*

81 a*
91 a*

101 θ*
1

-7.76 315.69 286.88 0.63 -333.03 4.32 0.17 -1.55 0.2 0.04 3.83
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Note that records regarding derailments in tangents are 
insufficient, as if we examine the samples on the derail-
ments in tangents and curves separately, the results will be 
as follows. 

By comparing the results in tables 1, 2 and 3 we conclude 
that joint consideration of derailments in curves and tangents 
somewhat alters the predicted average number of derailed 
wagons in curves, while leaving the average number of 
derailed wagons in tangents practically unchanged. At the 
same time the dispersion that is characterized by parameter 
θ*

1 changes significantly. Therefore, derailments in curves 
and tangents should be separated from each other.

Additionally, during data processing it turned out that the 
sample average of the number of derailed wagons in tangents 
is higher than the sample average of the derailed wagons 
in curves (3.74 versus 2.23 wagons). Therefore, additional 
research is required both in terms of the depth of research 
(increased number of considered records) and in terms of 
the quality of considered records, namely the clarification 
of information on the causes of the occurred accidents and 
track characteristics in the location of derailment, especially 
in tangents. 

A detailed example of the resultant formulas is given 
in [12].

In this section, the analysis was based on a sample with 
the following characteristics.

5.2. Derailment due to track malfunction  
out of switch

For this group of traffic incidents let us select function 
f2(⋅) as follows 

The principle of function f2(⋅) construction is similar to 
the one of function f1(⋅). This function is also similar to the 
one suggested for the estimation of the average number of 
derailed wagons due to track malfunction in [4]. Addition-
ally, in function f2(⋅) unlike in f1(⋅) the is no parameter γ. That 
is due to the fact that out of 38 incidents caused by track 
malfunction in 11 cases it was impossible to identify the 
gradient value. Parameter æ is also absent as it was used in 
the identification of the model with the best log-likelihood 
function value.

By solving problem (6) we obtain the following estimates 
of maximum likelihood a12, a22, a32, a42, θ

*
2.

Table 4. Estimated maximum likelihood a*
12, a*

22, a*
32, 

a*
42, θ*

2

a*
12 a*

22 a*
32 a*

42 θ*
2

-6.4 1.01 0.68 1.48 0.3

Table 2. Estimation of maximum likelihood a*
11, a*

21, …, a*
101, θ*

1 based on sample with derailments only 
in curves (65 observations)

a*
11 a*

21 a*
31 a*

41 a*
51 a*

61 a*
71 a*

81 a*
91 a*

101 θ*
1

-7.25 307.22 284.43 0.54 -329.86 3.85 0.16 – – – 1.87

Table 3. Estimation of maximum likelihood a*
11, a*

21, …, a*
101, θ*

1 based on sample with derailments only  
in angents (35 observations)

a*
11 a*

21 a*
31 a*

41 a*
51 a*

61 a*
71 a*

81 a*
91 a*

101 θ*
1

– – – – – – – -1.52 0.2 0.04 6.05

Figure 4. Frequency diagram and descriptive statistics of the 
number of derailed wagons in case of freight train derailments 

out of switches caused by wagon or locomotive unit malfunction 
according to a sample with no missed data
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All the summands of function f2(⋅) turn out to be posi-
tive and therefore any increase in the traffic parameters will 
cause a higher average number of derailed wagons, which 
is logical. 

In this section, the analysis was based on a sample with 
the following characteristics.

Figure 5. Frequency diagram and descriptive statistics of the 
number of derailed wagons in case of freight train derailments 

out of switches caused by track malfunction according to a sam-
ple with no missed data

5.3. Derailment at a switch not caused 
by prior derailment

For this group of traffic incidents let us select function 
f3(⋅) as follows 

Note that in this case function f3(⋅) does not contain vari-
ables γ and æ, as it is extremely difficult or sometimes even 
impossible to identify them for incidents that occurred at 
switches.

By solving problem (6) we obtain the following estimates 
of maximum likelihood a13, a23, …, a53, θ

*
3.

Table 5. Estimated maximum likelihood a*
13, a*

23, …, 
a*

53, θ*
3

a*
13 a*

23 a*
33 a*

43 a*
53 θ*

3

-1.49 0.99 -0.16 -0.91 0.43 0.41

In this section the analysis was based on a sample with 
the following characteristics.

Figure 6. Frequency diagram and descriptive statistics of the 
number of derailed cars in case of freight train derailments at 

switches not caused by previous derailments

6. Conclusion

This paper shows a functional dependency between the 
average number of derailed wagons and various traffic fac-
tors: train speed, plan and profile of track, length and mass 
of the train. Various groups of transportation accidents are 
defined: derailment as the result of wagon or locomotive unit 
malfunction out of switch, derailment as the result of rail 
malfunction out of switch, derailment on a switch not caused 
by previous derailment. Based on the maximum likelihood 
method and negative binomial regression, functions of aver-
age number of derailed wagons are defined. The paper shows 
a formula that allows – under a defined set of various factors, 
e.g. train speed, plan and profile of track, length and mass of 
the train – identifying the distribution series of the number 
of derailed wagons. The results of the research can later be 
used in the evaluation of the risk of freight train derailment 
throughout the Russian rail network.
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