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Abstract. Among the diversity and various degrees of significance of the factors that affect
an object’s failure flow, there is one, i.e. its “ageing,” that causes changes in the number of
failures per time unit that makes it non-stationary (in terms of dependability). In this context,
the elaboration of service procedures is of high importance, especially with regards to long life-
cycle objects. Methods of identifying dependability indicators of stationary objects are known
and widely used in practice. Nevertheless, as regards non-stationary objects there are practi-
cally no generally accepted approaches to the identification of their dependability indicators
that would be convenient for engineering calculations. Meanwhile, the analysis of publications
dedicated to this subject given in this paper shows the relevance and potential demand for
such methods in various technical matters. The aim of this paper is in the development of an
analytical model of evaluation of dependability indicators of non-stationary objects. The main
concept of the proposed approach consists in substituting the real non-stationary object with
a virtual analogue, of which the failure flow is stationary, i.e. a formal stationarization (in terms
of dependability) of the object occurs, which legitimizes the use of well-developed methods
of solving stationary tasks by extending them to the cases of non-stationary objects. The ap-
proach is rough. The main problem is identifying the value of the constant failure flow rate of
the fake object expressed through the time-dependent parameters of the “ageing” character-
istic of the real (non-stationary) object that in this paper is deemed to be known. In order to
increase the generality of consideration, the definition of equivalent failure rate (or associated
mean time to failure) in this paper is given for three cases: 1) The real object “ages”, i.e. its
failure rate is an increasing function of time. Two approaches are suggested to the identifica-
tion of the equivalent failure rate: a) based on the condition of equality of the mean times to
failure of both objects (real and fake); b) based on the condition of equality of the dependability
functions of the objects to the predefined prediction time. For some laws of “ageing” the task
has been solved analytically in closed form. Using the numerical example, the comparative ac-
curacy of the approaches has been evaluated. 2) The object is characterized by a piecewise
constant failure rate that is typical to systems and devices that operate in “open” environments
(with seasonal changes in failure rate). Both exact and approximate (in linear approximation)
expressions for the dependability function and mean time to failure for such object have been
obtained. 3) The object’s failure rate dependance is a piecewise constant non-periodical time
function. Such model is sufficiently universal as after time discretization and piecewise constant
approximation with a given accuracy many analytical time dependencies of failure rate can be
reduced to it. Method-wise, the task is solved similarly to item 2), i.e. the non-periodic process
is treated as a periodic one with an infinitely long period. Under the condition of reasonable
practicality of object operation (e.g. for economic reasons) defined in this paper, expressions
for the dependability function and mean time to failure have been obtained. The findings of
the paper may be useful in solving the dependability-related tasks for non-stationary technical
objects.

Keywords: dependability; failure flow; non-stationarity; periodicity of object states.

For citation: Baranov LA, Yermolin YuA. Dependability of objects with non-stationary failure
rate. Dependability 2017;4: 3-9. DOI: 10.21683/1729-2646-2017-17-4-3-9



Dependability, vol. 17 no.4, 2017. Structural dependability. Theory and practice

Dependability indicators, i.e. probability of no-failure
over a given time period p(7) and mean time to failure 7 are
a significant criterion of a system’s (object’s) operation [1].
The failure rate A(¢) is the input information for the identifi-
cation of those indicators. Thus, if A(¢) is known

po)= exp{—jw)dr} (1)
and
7= [ pr. ©)

Most existing engineering methods of calculating an
object’s dependability indicators are based on the hypothesis
of its stationarity [1-4], i.e. assume that the rate of failure
flow A(f) does not change in time (A(¢)=A,=const). In this
case formulas (1) and (2) transform as follows:

p(t) = exp(=A); 3)
T=1/1, (4)

Among the diversity and various degrees of significance
of'the factors that affect an object’s failure flow there is one,
i.e. its “ageing”, that causes an increase of the number of
failures per unit time. This circumstance cannot be ignored
in cases of long-term operation of an object: A stops being
constant and becomes an increasing function of time A(f),
while the object essentially passes into the non-stationary
(“ageing”) class. In this context, the elaboration of service
procedures is of utmost importance, especially with regards
to long lifecycle objects. That is supported by the publica-
tions that appeared over the past few years and that contain
dependability evaluations of such socially significant fa-
cilities as water resource utilization systems of major cities
[5], nuclear power plants [6], structures made of composite
materials [7], etc.

A number of systems (facilities) operate in periodically
changing conditions. In particular, waste water channel
systems typically display a dependance between the
failure rate and the operating season; for power supply
systems the load is a function of different periods of
the day. Therefore, in this case the failure rate changes
during the day. Rolling stock of various transportation
systems, main underground pipelines operate in periodi-
cally changing conditions.

In principle, the solution of any dependability-related
task for a non-stationary object is algorithmically identi-
cal to a similar task for stationary objects. The difficulties
though consist in the fact that calculations involve certain
mathematical operations (e.g. integration) that cannot be
performed in primitive functions. In such cases the ap-
plied dependability theory has to allow some simplifying
assumptions in order to achieve the desired result. Those
assumptions allow obtaining a solution in a rough analyti-
cal form that is convenient for subsequent analysis. Such
assumptions can be conventionally grouped into several

4

types. Judging by the latest publications [8-11], we can
acknowledge the existence of a distinct type of assump-
tions that involves substituting the failure flow of a real
non-stationary object with a fake one that in some respect
is equivalent to the initial one and is convenient for solving
the specific task at hand.

This paper sets forth the methods of dependability indica-
tors calculation for objects with non-stationary failure flow.
It examines “ageing” objects, of which the rate of failure
flow A increases in time, objects with periodic piecewise
constant failure rate, objects, of which the failure rate can
be represented with a non-periodic piecewise constant func-
tion. The last case is sufficiently general, as initially the
results of statistical failure data processing is conveniently
represented in the above form. Additionally, analytically,
after discretization, the given function A(f) can always be
represented with a given accuracy with a piecewise constant
function of time.

For ageing objects, of which the failure rate increases in
time, the main concept of the method consists in substituting
the real non-stationary object with a virtual fake analogue, of
which the failure flow is stationary and is characterized by a
certain constant rate A . Thus, a formal stationarization of the
object occurs, which legitimizes the use of well-developed
methods of solving stationary dependability-related tasks
by extending them to the cases of non-stationary objects.
The value A, must be “associated” with the parameters of
the “law of ageing” of the real object A(£) and be defined by
certain additional considerations.

Let us examine two possible approaches to the definition
of A, for ageing objects.

Approach 1. In accordance with this approach it is sug-
gested to find A, out of condition 7, = 7, where 7, is the mean
time to failure of the equivalent ageing object, while 7 is the
one of the real ageing object. If 7 is expressed through pa-
rameters A, o, f... of the ageing characteristic, then subject
to (4) out of this equation we immediately obtain:

A=
r(A,,0,B..)

In order to demonstrate the use of this approach let us
examine a non-stationary object, of which the failure rate
changes in time according to law:

A(t) =N, +au, (6)

)

where A, is the initial failure rate; a is the object’s ageing
factor (a>0).

For this case in [12], the accurate value of mean time to
failure 7 is obtained that is expressed through the parameters
of the law of ageing (6):

_ 2 ko n A
Ao, O) = /—- a2 -0 ||,
7 (A,,0) L [ [ Tocﬂ (7

where @( ) is the probability integral.
By substituting this expression into (5), for the failure
rate of the fake stationary object A, we obtain:
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As we can see in (8), the numeric value A, is associated
with A, and a by means of a quite complex dependence that
is difficult to interpret in physical terms. In order to “feel”

the characteristic features of this dependence let us find the
coefficient:
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where 7(A,,0) is calculated in accordance with (7),
1, =1/, is the average life of the object that “ages” ac-
cording to the law (6), but under the condition a=0 (i.e.
essentially a stationary object with the failure rate 2)). Now
the physical meaning of y becomes clear, i.e. this coefficient
shows how many times the mean time to failure decreases
in the ageing object compared to the time to failure of a
stationary object with an identical initial failure rate. By
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Figure 2. Dependability function of real and fake objects and difference between them
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substituting this expression into (9) after some simple
transformation we obtain:

Y \/;\/7;)_0(.[141’(\/%20_&)}

As we can see, v is the function of only the dimension-

(10)

less variable \/20—, which makes it possible to represent this
o

dependence with one graph (Fig. 1).

The graph shows that as the value of the argument grows
the curve tends to one, which is totally explainable: the
higher is the value of failure rate A, the lower is the influ-
ence (other things equal) of the object’s ageing factor on its
mean time to failure.

Figure 2 gives a certain idea of the concept of station-
arization. It is designed for the case of a linearly ageing
object with the values of parameters A,= 0.2 [1/year] and
o =0.02 [1/year’].

Fig. 2 shows the graphs of the dependability functions
of a real (ageing) object p(f) constructed using expression
(1) subject to (6):

p(t)=exp {—j A +0Lt)dt:| =exp {—(Xot + %;2 ﬂ’ (11)
and fake stationary p (¢):
Pty =exp (A1), (12)

where A, is calculated using (8).

The graphs given in Fig. 2 — in terms of physics — can be
commented in the following way. If an object’s mean time
to failure is interpreted as a certain technical resource, then
Fig. 2 shows that during the stationarization there is a kind
of a formal redistribution of the probabilities of “spend-
ing” of its parts in the course of the object’s operation. The
dependence graph Ap(#)=p(t)-p (¢) in the same figure gives
an idea of how this redistribution occurs.

Even given its logical justifiability this approach cannot
be used universally. The fact is that the linearly ageing object
under consideration is a rare example, for which the mean
time to failure can be expressed with the parameters of the
characteristic of its ageing in the analytical form. Therefore
it suggested to further use another approach to the definition
of A, that is not associated with such difficulties.

Approach 2. The value of failure rate A, is identified
based on the formula:

plt,)=p.(1,) (13)

i.e. out of the condition of equality of the probabilities of
no-failure of the real (“ageing”) and fake (stationary) object
at the given moment in time 7,,.

Normally, an object’s dependability is evaluated not gen-
erally, but for a certain interval 7}, i.e. the time of forecast
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with regard to the current moment. Then, in view of (1) and
(10) the correlation (13) becomes as follows:

T
| Moyde =21, (14)
0
out of which we deduce the following:
T
1 Jie
A, =— | Mo)dt, 15
=7 R0 (15)

i.e. the failure rate of the fake object is defined as the
mean value A(f) over the time of forecast.

By way of example let us find out how the formula for
A, will look under the two laws of object ageing: 1) in the
form of an n-power parabola and 2) in the form of a rising
exponential curve.

Case 1. The failure rate of a non-stationary object is as
follows:

A)=A, +at". (16)
By substituting this dependence into (15) we have:
ol .
A=A, +— 17)
n+l

In particular, if n = 1 (object considered in approach 1)
expression (17) becomes as follows;

o
A, =7»0+3T/m. (18)
Case 2.The object “ages” according to law:
M) = he™. (19)
Then out of (15) follows:
A r
Ao=——(e"" 1), 20
T (e -1) (20)

Expressions (17), (18) and (20) show that under this
approach A, depends not only on the parameters of the
object’s ageing characteristic, but also on the time of
forecast T,

The evaluation of the mean time to failure of a fake sta-
tionary object 7, as it follows from (5), now also becomes
a function of 7}, and is:

for case 1:
=—t
(n+DA,+oT,,
for case 2:
_ oTl',, 22)
e =—F7——.
A, (e””" - 1)

Let us evaluate the allowable error of identification of
the mean time to failure 7 of the real object for the case of
linearly ageing object, for which 7 is defined by formula
(7) [12]. We will evaluate the degree of proximity of 7, to
the real value of 7 with the relative reduced error 37 that is
calculated according to formula:
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(23)

87 = (%)-100% = (1 —%)-100%,

where 7, is calculated according to (21) (given that
n=1).

Under the conditions of the above numerical illustration
(A= 0.2 [1/year];a= 0.02 [1/year’]) as per (7) we deduce 7
=3.79 years. The estimate for 7, under these parameters (as

er)t,=——
per (21) 0.4+0.02- 7,

into (23) we have:

By substituting these values

2
3.79(0.4+0.027 ;)

St=]1- -100%. (24)

As we can see, the relative reduced error depends on the
time of forecast 7). The values of this error are given in
the Table 1.

Table 1

Tier 1 2 3 4 5 6 71819
TOJIbI
3t
%

-25,64(-19,93 [-14,721-9,94|-5,54|-1,48 (2,28(5,76|9,02

The data in the Table show that as the time of forecast
grows the relative reduced error in the identification of the
mean time to failure reverses sign and can reach fairly high
values.

Now let us consider the dependability function and
mean time to failure of an object with a periodic piecewise
constant failure rate.

Let T'be the period of changes in the failure rate that con-
sists of / generally different time intervals (see Fig. 3, where
[=3), 7, be the time period between the beginning of the n-th
period and the end of the i-th interval of this period.

For convenience, it is assumed that t,= 0, t=7, i= 0, 1,

., . In this case A, is the failure rate, T, , is the duration
of the i-th interval in the n-th period. In the authors’ paper

the dependability function p(f) and mean time 7 to failure
were obtained:

~[(n=D) A+ B+ {1 T+, ‘}]

p() =
(n-DT+1,, <t<(n-1T+1, (25)
where
=l
A=Y (-1
j=1
0; if i=1
B'— =& ey
- (=T, )50 0> 1
=1
j=l
1 —h ;T =T0)
ZD et e

Jj=1

Under the practically justified assumption A7<<1 after
the Maclaurin expansion of the exponential curves under
linear approximation we deduce:

pO=1-{(n-1)A+B_+A_[t-[(n-DT+1,_, 1} if
(n-DT+1,_ <t<(m-DI+71; 27
_ 1 1
7= = T{ ~[1-A(t,-1, )]} =
1_{1_27‘1'(@ - 1)}
j=l

— (28)

N - T=T . .
where A = ZX ; T is the mean failure rate over
j=1

the period 7.
After several transformations, formulas (25) and (27) can
be brought to the following form:

—{(n—l)iT+il_1 T (-[(b-D)T+1,., ]}}

; . : p)=e ; (29)
[13] under this change model of failure rate expressions for
Ay?
T e
o
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Figure 3. Failure rate model
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p(O=1={(n-DAT+X,_ T, +A,[1—[(n=DT+1,,11}4(30)

where A, | is the mean failure rate over the time equal to
the (i-1)-th interval (unlike A, the mean failure rate for the
period 7).

The formulas for the dependability function(n —1)7 +1,_ <
t<(n—1T+7, the summand A,_ T, is not zero only if
i>1.

For the purpose of calculating the probability of no failure
over the fixed time /=7 using this formula, the value 7} is
reported in terms of:

(=T=n-DT+1,_, +Al 31)

where 0 S A7 <71, -7, ,
Thus, for a particular case when 7'is divided into two in-
tervals (in the first of which the failure rate A,, in the second

of which A,) and;:—j =0, TFI =3, the mean time to failure is
defined by the formula:
R .
Ay (@B +1-B)

Ifthis expression is obtained from (28), it is assumed that
AT <<1, where max =2 .

The results of calculation of 7 = f(B) under fixed A,
are given in Fig. 4. If 0=1, a stationary failure flow takes
place.

Let us proceed to the general case, when dependence A(?)
is defined by a piecewise constant non-periodical function.
As it was mentioned above the failure rate model is suf-
ficiently universal.

e

12

11

10

As a non-periodical process can be considered as a pe-
riodical one with an infinitely long period, we obtain the
dependability function for this case out of (29) under n = 1.
Indeed, the value 7 can be chosen to be quite large and equal
to the time of forecast 7T, during which, as it was stated
above, the value of the dependability function is of interest.
The value p(=T},) is so small that the use of the object under
t> Ty, is of no practical interest. Under these conditions

p(f) — e—)ufl Tt (=1 ifTi—l <t< T, = T

e (32)

It remains an open question under what T,_; <7<, the
practical usefulness of the calculations is lost. Let p(7},)=p,
be the probability of no-failure, under which the operation
of'a non-maintainable object end or a repairable object it is
submitted to repairs. Then the duration of the predicted time
period 7}, subject to (28) is found using equation:

p, = ef[i,,, Tt (T =t)] (33)
From which
Inp, =—{hirT, +A(T,. -1, )]
and
1 —
Ty = Y “Aia T +AT —Inp, (34)

i

Therefore, within the time interval from the beginning
of object operation to =7}, the dependability function is
defined by formula (33). If it is required to calculate the
probability of no-failure over the fixed time 7<7},, the value

Sfre>

a=0,5

a=0,75

0 0.1 0.2 0.3 0.4

0.5

0.6 0.7 0.8 0.9 1 ﬂ

Figure 4. Dependence 7 = f(B) under different values of a.
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T has the form /=1, | +At, where 0<A<T} —, .
The linear approximation of p(?) if A, 7,<<1, where
A = max A, is as follows:

p(0) = 1_[7:'7111'71 + 7‘1‘ (t=7, )}

The mean time to failure in this case is defined by for-

mula
_ 1
t = i)
B A

where A is the mean failure rate of the time 7.

If linear approximation is not used, the expression of the
mean time to failure 7 is calculated using formula (26), in
which /is equal to the number of intervals of constant failure
rate over time 7},

Conclusion

1. Solutions are shown for the tasks of identifying the
mean time to failure and dependability function for various
non-stationary failure flows.

2. Models of “ageing” objects are described, of which
the failure rate is defined by a temporally increasing func-
tion, models of objects with periodic piecewise constant
failure rate, models of objects with non-periodic piecewise
constant failure rate. The solutions of tasks for various non-
stationary failure flows come down to the last model after
time discretization and piecewise constant approximation
of the failure rate time dependence performed with the
specified accuracy.

3. The shown solution results can be conveniently used
in calculation of technical objects dependability.
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